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Abstract. Within the framework of dg categories with weak equivalences 
^ I and duaUty that have uniquely 2-divisible mapping complexes, we show that 

^ higher Grothendieck-Witt groups (aka. hermitian X-groups) are invariant un- 

, der derived equivalences and that Morita exact sequences induce long exact se- 

quences of Grothendieck-Witt groups. This implies an algebraic Bott sequence 
and a new proof and generalization of Karoubi's Fundamental Theorem. For 
the higher Grothendieck-Witt groups of vector bundles of (possibly singular) 
schemes X with an ample family of line- bundles such that ^ G T{X, Ox), we 
obtain Mayer- Vietoris long exact sequences for Nisnevich coverings and blow- 
ups along regularly embedded centers, projective bundle formulas, and a Bass 
fundamental theorem. For coherent Grothendieck-Witt groups, we obtain a 
localization theorem analogous to Quillen's /^''-localization theorem. 
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Introduction 

By a result of Thomason [TT90[ Theorem 1.9.8], algebraic K-theory is "invari- 
ant under derived equivalences". This is a tremendously powerful fact. Together 
with Waldhausen's Fibration Theorem |Wal851 Theorem 1.6.4] it implies a Local- 
ization Theorem which - omitting hypothesis - says that a "short exact sequence 
of triangulated categories" induces a long exact sequence of algebraic X-groups. 
This property of algebraic if-theory implies long exact Mayer- Vietoris sequences 
for Nisnevich coverings |TT90j and for blow-ups along regularly embedded centers 
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|Tho93b| . Both results are fundamental for the recent advances in our understand- 
ing of the algebraic if-theory of singular varieties jCHSWOS] , }CHW08j . 

In this article, we investigate the problem of "invariance under derived equiv- 
alences" for the higher Grothendieck-Witt groups introduced by the author in 
[SchlObj . These groups naturally occur in A^-homotopy theory |Morl2] . |AF12] 
and are to oriented Chow groups what algebraic K-theory is to ordinary Chow 
groups. They are the algebraic analogue of the topological XO-groups, or, in the 
context of schemes with involution, they are the algebraic analog of Atiyah's KR- 
theory. 

Within the framework of dg categories with weak equivalences and duality that 
have uniquely 2-divisible mapping complexes, we show in Theorems 16.51 and 18.91 
that the higher Grothendieck-Witt groups are invariant under derived equivalences. 
This is in some sense the best one can hope for since without an assumption such 
as "uniquely 2-divisible homomorphism groups" , there are examples of derived 
equivalences that do not induce isomorphisms of Grothendieck-Witt groups; see 
Proposition (mi 

Together with our Fibration Theorem [SchlObl Theorem 6] this implies Theo- 
rems 16.61 and 18.101 which are the analogues for higher Grothendieck-Witt groups of 
the Thomason-Waldhausen Localization theorem mentioned above. We obtain sev- 
eral new results as application of our Localization theorem: algebraic versions of the 
Bott sequence in topology (Theorems 16.11 and 18. . a new and more general proof 
of Karoubi's fundamental theorem [Kar80 (Theorem 16. 2p . Nisnevich descent for 
(possibly singular) noetherian schemes with an ample family of line bundles (Theo- 
rem [9?7l)j a Mayer- Vietoris property for blow-ups along regularly embedded centers 
(Theorem 19. 9p . projective bundle formulas (Theorem 19.101 and Remark 19. lip , a 
Bass fundamental theorem for Grothendieck-Witt groups (Theorem I9.13P , and an 
analogue for Grothendieck-Witt groups of Quillen's if'-theory localization theorem 



based on coherent sheaves (Theorem l9.19p . 



Special cases of our results have been obtained by other authors using different 
methods. Notably, Karoubi proved his Fundamental Theorem for Z[l/2]-algebras 
with involution in [KarSOj , and Hornbostel proved Nisnevich descent and a version 
of the Projective Line Bundle Theorem both in the case of regular noetherian sep- 
arated Z[l/2]-schemes in |Hor05| . At the very least all geometric results regarding 
singular schemes are new. Our interpretation of Karoubi's U and ^-theories as the 
odd shifted higher Grothendieck-Witt groups and our careful study of the multi- 
plicative structure of higher Grothendieck-Witt groups in Sections O and [5] should 
be of independent interest. 

Results of this article have already been used in |FS09| . |Zibll| . [PWlOj . in the 
solution of a conjecture of Suslin on the structure of stably free projective modules 
[FSRll] and in the solution of a conjecture of Williams and the analogue of the 
Quillen-Lichtenbaum conjecture for hermitian K-theory |BKSllj . 

We give an outline of the article. Section [T] doesn't contain anything essentially 
new. We recall definitions and basic facts about dg categories and introduce the 
obvious notion of a dg category with weak equivalences and duality. The main point 
here is our treatment of the pretriangulated hull ^p''' of a dg category A (Defini- 
tion [TT7]) which makes it clear that ^p'"^ is a dg category with (weak equivalences 
and) duality whenever A is, and the assignment A A^^'^ is symmetric monoidal 
in some sense; see Section TS.ll The Grothendieck-Witt group GWo(£/) of a dg 
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category with (weak equivalences and) duality is defined to be the Grothendieck- 
Witt group of the exact category with weak equivalences and duality in the sense of 
[SchlOb ' Definition 1] of the category Z^^/p''' of closed degree zero maps in the pre- 
triangulated hull of . When A is a dg algebra then GWq{A) is the Grothendieck- 
Witt group of finitely generated semi-free dg A-modules. In particular, if A is a 
ring then GWq(^A) is the Grothendieck-Witt group of finitely generated free A- 
modules. When = sPerf(X) is the dg category of bounded chain complexes of 
vector bundles on a scheme X with weak equivalences the quasi-isomorphisms, then 
GlVo(sPerf(X)) is the Grothendieck-Witt group of X as introduced by Knebusch 
in |Kne77) . 

In Section [21 we introduce the "duality preserving" cone functor, a version for 
dg categories with duality of the functor that sends a map of chain complexes to its 
cone. We use the cone functor to construct in Proposition 12 . II examples of functors 
between dg categories with weak equivalences and duality which induce equivalences 
of derived categories but the induced map on Grothendieck-Witt groups is not an 
isomorphism. Our examples use dg categories for which the mapping complexes 
are not uniquely 2-divisible. 

Section [3] doesn't contain anything essentially new either. We slightly gener- 
alize the notion of a triangulated category with duality given in [BalOOj in that 
we don't require the shift of the triangulated category to be an isomorphism; it is 
only required to be an equivalence. As in |BalOO] and |Wal03b| we have Witt and 
Grothendieck-Witt groups of such categories. For a dg category with weak equiva- 
lences and duality we verify in Lemma [3T6l that the triangulated category Ts^ of 

, that is, the localization of the homotopy category iJ^^P'"^ of the pretriangulated 
hull of with respect to the weak equivalences, is indeed a triangulated category 
with duality. We show in Proposition 13.81 that the Grothendieck-Witt group of a 
dg category with weak equivalences and duality si agrees with the Grothendieck- 
Witt group of its triangulated category T si provided its mapping complexes are 
uniquely 2-divisible, a condition we denote by ^ £ si . Without an assumption such 
as ^ G this proposition cannot hold as shown by the examples in Section [2l 

In Sectional we recall from [SchlObj the hermitian analogue 7^, of Waldhausen's 
S'.-construction denoted S"^ in [SchlOb] . The main result here is Proposition 14.91 
which is the basis for the construction of the Grothendieck-Witt spectrum functor 
to be introduced in Section [S] Together with Corollary 14.111 it implies Karoubi's 
Fundamental Theorem jKarSO] . 

In Section [5l we construct the Grothendieck-Witt theory functor GW which is a 
symmetric monoidal functor from dg categories (with uniquely 2-divisible mapping 
complexes) to symmetric spectra of topological spaces. The higher Grothendieck- 
Witt groups of a dg category with weak equivalences and duality si are the homo- 
topy groups GWi{s/) of its Grothendieck-Witt spectrum GW{si). To explain the 
idea of the construction, recall that Waldhausen's S'.-construction can be iterated 
to yield a symmetric spectrum {w^p*' , wS'.jz/p*'', u;5'i Wp*'', ...} that is a positive 
ri-spectrum. Similarly, the 7^,-construction can be iterated. However, contrary to 
the X-theory case, [wTZ, si^'^'')h is not a delooping of {wTZ,si^*''^)h- To construct 
a spectrum as in the 7^-theory case, we note that the pretriangulated hull ^p''' can 
be equipped with many dualities. For each integer n, we have a dg category with 
weak equivalences and duality ^["1 all having the same pretriangulated hull as si, 
but they are equipped with dualities that depend on n. When s/ — sPerf(X), the 
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categories ^["1 correspond to the dg categories sPerf(X) equipped with the shifted 
duaUties E n> Houiq {E,Ox[n])- With appropriate models ^("^ for ^["1, we 
show in Theorem 15.51 that the sequence 

together with the bonding maps of Definition l5.4l is a positive symmetric J7-spectrum. 
By Proposition l5.61 its infinite loop space is the Grothendieck-Witt space of Z^jz/p'"' 
as defined in [SchlObI . In particular, its zero-th homotopy group is the Grothendieck- 
Witt group of Section[TJ The spectrum GW{j^) is the Grothendieck-Witt analogue 
of connective if-theory. However (!), this spectrum is rarely connective: its nega- 
tive homotopy groups are Balmer's triangular Witt groups of Tj^ ; see Proposition 

Section [6] contains our main results regarding the higher Grothendieck-Witt 
groups of dg categories with weak equivalences and duality. Write GW^^^m/) 
for the Grothendieck-Witt spectrum of ^/["l. Then GW^^'^i^) ~ GW{£/) and 
GVl^["l(i/) ~ GM^["+''1(^/). We show in Theorem lO an algebraic version of the 
Bott sequence in topology. Our theorem asserts that ii ^ € £/ then the sequence 

Giy["l(i^) A K{£/) A GVF["+i1(£/) ^ a GTy["l(^) 

is an exact triangle in the homotopy category of spectra. Here F and H are 
forgetful and hyperbolic functors, and 77 e GwLi^\k) corresponds to the unit 

(1) G W{k) = GT4^i^^'(fc) in the Witt group of the base ring k. This Theorem 
implies Karoubi's Fundamental theorem for dg categories (Theorem 16. 2p and the 
Localization Theorem l6.6l asserting that a sequence jz/q — J' ^1 — J' ^2 of dg categories 
with weak equivalences and duality such that ^ G ^ and such that the sequence 
Ts^o — > Ts^i T^2 of associated triangulated categories is exact induces a ho- 
motopy fibration 

GW{£/a) GW{£/i) GW{£/2) 

of Grothendieck-Witt spectra. In particular, our higher Grothendicck-Witt groups 
are invariant under derived equivalences (Theorem 16. 5p . 

In Section [7] we generalize results of Kobal and Williams jKob99| to dg categories 
with weak equivalences and duality. For such a category £/, its connective i^-theory 
spectrum K{s2^) is equipped with a canonical G2-action induced by the duality on 
s^. When 5 S ^, we show in Theorem 17.61 a homotopy fibration 

and a homotopy cartesian square of spectra 

GW{£^) ^ K{s^f'^^ 



L{£/) H(G2, K{s!/)) 

where K{j^)hC2: K{£/)^'-^'^ and M{G2, K{j^)) denote the homotopy orbit, homo- 
topy fixed point and the Tate spectrum of the G2-spectrum K(s!/). The spectrum 
L{£/) = ri~'^GW{£/) is 4-periodic and has homotopy groups the Balmer triangular 
Witt groups of £/. The map GW{s^) K{£/f^^ is the subject of Wilhams' 
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conjecture which predicts it to be a 2-adic equivalence. The resuhs of this section 
are essential in the solution of this conjecture for schemes in |BKS11| . 

In Section [51 we define the analogue GW, called Karoubi-Grothendieck-Witt 
spectrum functor, of the non-connective ii'-theory functor K. As a spectrum it is 
equivalent to the mapping telescope of a sequence of spectra 

GW{s!/)^nGW{S£/)^n^GW{s^£^)~^ ■ ■ ■ 

where S denotes the algebraic suspension ring (^Remark 18.81) . However, this map- 
ping telescope does not define a symmetric monoidal functor from dg categories to 
spectra for the same reason that the infinite loop space functor il°°GW of GW is 
not symmetric monoidal. That's why our symmetric monoidal functor GW takes 
values in the category of bispectra. The symmetric monoidal model category of 
bispectra is yet another model for the homotopy category of spectra. It contains 
the category of symmetric spectra as a full monoidal subcategory, the inclusion 
of spectra into bispectra preserves stable equivalences and induces an equivalence 
of associated homotopy categories. There is a natural map GW{s^) GW{s/) 
which is an isomorphism in degrees > 1 and a monomorphism in degree (Theo- 
rem ISTTJ]). If 7"^ is idempotent complete, then this map is also an isomorphism 
in degree 0. For instance, for a ring with involution A with ^ g A, the group 
GWq{A) is the Grothendieck-Witt group of the category of finitely generated pro- 
jective j4-modules. We show in Theorems 18.91 [8T0l and [8.111 the GVF-analogues of 
the Invariance, Localization, and Bott Sequence theorems proved for GW in Section 

m 

In Section [31 we prove the results regarding the higher Grothcndieck-Witt groups 
of schemes mentioned above. 

In Section [TUl we show that our results imply the 8 homotopy equivalences 
in Bott's Periodicity Theorem for the infinite orthogonal group as envisioned by 
Karoubi in |Kar73| . Whereas Karoubi's proof of his Fundamental Theorem in 
[KarSOj is based on classical 8-fold Bott periodicity, our new proof of his theorem 
actually implies 8-fold Bott periodicity. This is explained in Section lTO.il Of course, 
Bott periodicity is not new, but the reader may find it a little reward at the end of 
a long paper. 

There are two appendices to this article. One, Section [Al shows that for a ring 
with involution A such that ^ G A, the connected component of the infinite loop 
space of GW{A) is homotopy equivalent to Quillen's plus construction BO{A)^ ap- 
plied to the classifying space of the infinite orthogonal group of A. This is necessary 
if Theorem 16.21 is truly to be a new proof of Karoubi's Fundamental Theorem. In 
|Sch04] ■ we gave proofs of the results of Section |X1 based on Karoubi's version of the 
Fundamental Theorem. Here we avoid Karoubi's theorem. The other appendix. 
Section |B1 recollects definitions and results about symmetric spectra, homotopy 
orbit, homotopy fixed and Tate spectra, and about bispectra used throughout the 
paper. 

1. Grothendieck-Witt groups of dg categories 

Let fc be a commutative ring. Our work takes place in the framework of dg (= 
differential graded k-) categories. We recall standard notation and terminology. 

1.1. Differential graded fc-modules. A dg fc-module is a fc-module M together 
with a direct sum decomposition M — 0jgzM' and a fc-linear diff'erential d : 
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M* A'P^^ satisfying rf^ = 0. Elements x S are said to have degree \x\ — i. 
A morphism f : M N oi dg fc-modules is a morphism of graded fc-modules 
commuting with differentials, that is, f{M^) C and f{dx) = d{fx) for all 
X e M. This defines the category dgModj, of dg fc-modules. 

There are functors Z^^B^.H^ : dgModj. Modfe to the category of fc-modules 
defined by 

Z°M = ker(d° : M° M^) 

B^M = Im(d-i : Ar^ ^ Af") 

iJ°M = Z^M/B^M. 
The tensor product of two dg fc-modules M, N is given by 

(M TV)" = AP (g) 

with differential d{x ® y) — dx ® y + (— ® dy. The function dg fc-module 
[M, N] from M to N is the dg fc-module with 

[M, iV] " = J]^ Homfc {A'P , iV^' ) 

— i+j— n 

and differential df ~ do f — (— I)!-'!/ o d. In particular, morphisms from AI to 
are the elements of Z^[M,N]. Tensor product (g), function space [ , ] and unit 
fc make the category of dg fc-modules into a closed symmetric monoidal category 
where evaluation, coevaluation and symmetry are given by 

e:[Al,N]®M^N:f®x^ f{x), \7 : M ^ [N, Ad iS> N] : x (y ^ x ® y), 

c:M®N^N®AI : x y ^ (-l)l'=ll?^ly (g) x. 

1.2. Differential graded categories. DG categories are categories enriched in 
(the closed symmetric monoidal category of) dg fc-modules. The category of small 
dg-categories is therefore canonically closed symmetric monoidal fKel82j and thus 
comes with internal tensor products, function objects etc. For convenience, we 
recall what some of this means in detail. 

A small dg category A is given by the following data: 

• a set of objects, 

• for any two objects A, B of ^ a dg fc-module A{A,B), called mapping 
complex from A to B, 

• for any object A a unit morphism 1a G A{A,A), 

• for any three objects A, B,C a map of dg fc-modules 

A{B, C) ® A{A, B) A{A, C) : f ® g ^ f o g 

satisfying the usual associativity and unit constraints of a category. 
A morphism f : A B between objects A, B of the dg category A is an element 
/ e A{A, _B)" such that df — 0. Some authors call them closed morphisms of degree 
0, but we simply call them morphisms and refer to a general element / € A(A, B) 
as an element of the mapping complex from A to B. For instance, two objects A 
and i? of a dg category A are isomorphic if there are morphisms f : A ^ B and 
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g : B ^ Ain A (that is, / G Z°{A,B) and g e Z°{B,A)) such that /g = 1 and 
gf = 1. Composition in A makes the set Z'^A of morphisms in A into a category 
with the same set of objects as A and morphisms from AtoB the set Z°A{A, B). 
We call Z^A the underlying category of the dg category A. It knows a lot about 
the dg category A itself. For instance, a dg functor A ^ B la an equivalence if 
and only if the functor Z^A — >■ Z^B of underlying categories is an equivalence. It 
is helpful to think of a dg category A as the fc-linear category Z^A where each 
morphism group Z^A{X, Y) is equipped with the additional homotopical data of 
the mapping complex A{X, Y). 

A morphism of dg categories (also called dg functor) F : A ^ B from A to B 
is given by the following data: to every object ^ of is assigned an object FA 
of B, for every two objects A^B oi A & morphism of dg fc-modules A{A, B) 
B{FA, FB) : f i-j> F{f) such that for any three objects A, B,C of A and any 
/ e A{B, C) and g e A{A, B) we have F(/ o g) = F{f) o F{g) G B{FA, FC). We 
denote by dgCat^, the category of small dg fc-categories, and by Catfe the category 
of small fc-linear categories. 

For A,B & dgCat^., the tensor product dg category A^B has objects the pairs 
{A, B) of objects A of A and B of B. Morphism complexes are 

{A <g> B){{AuB,), {A2, B2)) = A{AuA2) <S> B[B^, B2) 

with composition defined by (/i §5 gi) o (/2 (x) 92) = (— l)'^^"''^' (/i o f2) ® (.9i ° 92) 
and unit = 1a <8i Is- We may sometimes write AB for the tensor product 

A^B oi Ag categories, and A B or simply AB for the object {A, B) m A^B 
with Ae A and B eB. 

The internal homomorphism dg category dgFun(^, S) G dgCat^ for A,Bg 
dgCatfc has objects the dg functors F : A ^ B and the morphism complex [F, G] 
in degree n is the set [F, G]" of collections a = {aA)AeA with ua G B{FA, GA)"' 
satisfying G{f ) o ua = (-l)l"ll-^l as o F{f ) for all / G A{A,B). The differential 
da is defined by {da) a = d^aA where d^ is the diff'erential in B. If C is a small 
category and A G dgCat^,, we write Fun(C,^) for the dg category 

Fun(C,^) = dgFun(A;[C],^) 

where k[C] is the dg category whose objects are the objects of C and the mapping 
complex A:[C](A, B) in degree is the free A:-module A:[C](A, B)^ = k[C{A, B)] gener- 
ated by C{A, B) and in degree i 7^ we have A;[C](j4, By = 0. Note that dg functors 
k[C] A are the same as functors C Z^ A. 

The functors : dgMod^, Mod/j extend to functors 

: dgCatfc ^ Catfc . 

For example, the category Z^^A is the underlying fc-linear category of A^ and H^A 
has the same objects as A and the morphism fc-module li^A{A, B) is the module 
H°{AiA,B)). 

1.3. Pointed dg categories. A pointed dg category is a dg category equipped 
with a choice of zero object called base point. A morphism of pointed dg categories 
is a morphism of dg categories that preserves base-points. This defines the cat- 
egory dgCat^ of pointed dg categories. The category dgCat^ is closed symmetric 
monoidal with internal tensor product the "reduced tensor product" A^B of A and 
B obtained from the tensor product A<SiB hy identifying the zero objects A (8)0 and 
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® i? with the base point zero object = ® of A(§B. The canonical dg functor 
^ (8) S A^B is an equivalence. The internal function dg category dgFun^ (A, B) 
in dgCat^ is the full dg subcategory of dgFun(^, B) consisting of those dg functors 
that preserve base points. There is an evident functor 

dgCat ^> dgCat^ : A ^ A+ 

where A+ is the dg category ^ U obtained from A by adding a zero-object 0. 
Thus, ^ is a full dg subcategory of A+ and the only object in A+ that is not in A 
is the base point zero-object 0. This functor is symmetric monoidal with monoidal 
compatibility map the canonical isomorphism {A^ B)+ = A+^B^ induced by the 
embeddings A —5- A+ and B ^ B+. 

Example 1.1 (The category '^k)- Let "^k: or simply \i k is understood, be the 
full subcategory of dg fc-modules M such that = fc"' for some £ N and 
M* ^ for only finitely many i £ Z. In other words, is the category of bounded 
chain complexes of finitely generated free fc-modules. Tensor product, function 
space and unit in the category of dg /c-modules make '^k into a closed symmetric 
monoidal category with evaluation, coevaluation and symmetry as in Section 11.11 
In particular, is a dg category. 

In "^fc, we have the distinguished objects 1, C and T and an exact sequence 
relating them. They are defined as follows. The object 1 is the unit k of the tensor 
product in '^k- Let C be the dg fc-algebra freely generated in degree by the unit 

1 and in degree —1 by an element e subject to the relations cZe = 1, £^ = 0. As 
a graded fc-module, we have C — k ■ 1 ® k ■ e. Note that C is a commutative dg 
fc-algebra. Let T be the dg fc-module k ■ e which is the quotient dg module of C 
under the map p:C— >-T:li— >-0, e ^ e with kernel the dg map i : 1 ^ C : 1 i— ?> 1. 
This defines an exact sequence in ^k 

(1.1) r \>-^-^C —^T. 

1.4. Exact and pretriangulated dg categories. Let ^ be a dg category. A 

sequence A ^ B \ C oi morphisms in A with = is called exact if there are 
s e A{C,Bf and r e A{B,Af such that 1^ = rf, 1b = fr + sg, and Ic = gs. 
Note that s determines r and vice versa. A dg category A is called exact if these 
exact sequences make the underlying linear category Z'^A into an exact category 
in the sense of Quillen |Qui73| , |Kel90| . |SchlOa| §2.1]. A dg category A is called 
pretriangulated if it is exact and if the functor A — > : A ^ i (i) A is an 

equivalences of dg categories, that is, induces an equivalences of linear categories 
Z°A^ Z'^i'^kA). 

Note that for a dg category to be exact (pretriangulated) is a property, not an 
extra structure. Note also that any dg functor A ^ B preserves exact sequences. 
In particular, if ^ — > ;B is a dg functor between exact dg categories, the functor 
Z'^A —i' Z^B between underlying exact categories is exact. 

Remark 1.2. If ^ and B are dg categories with B exact (pretriangulated) then 
dgFun(^, B) is exact (pretriangulated) but A®B need not be exact for general A. 
However, "^kB is pretriangulated whenever B is. 

Remark 1.3. Let ^ be a pretriangulated dg category and B A a. full dg sub- 
category. If B is closed under extensions, and taking shifts and cones in A, then B 
is pretriangulated. 
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I. 5. The dg category of extensions and the pretriangulated hull of a dg 
category. The pretriangulated hull A^^^' of a dg category A was introduced in 
[BK90j : see also jDri04| . Below, we will need a description of A^*''^ in the context 
of dg categories with dualities which is in some sense symmetric monoidal with 
respect to the tensor product of such categories. 

Let poSet be the category of small posets with injective order preserving maps as 
morphisms. This is a symmetric monoidal category under the cartesian product as 
monoidal product. Recall that the category of small pointed dg categories dgCat^ 
is symmetric monoidal under the reduced tensor product of dg categories (Section 

II. 3p . In particular, the product category poSet x dgCat^ is symmetric monoidal 
with component-wise monoidal product. We will define a symmetric monoidal 
functor 

(1.2) poSet X dgCat, dgCat^ : {V, A) VA 

as follows. For a poset V and a pointed dg category A the dg category VA has 
objects the pairs A — [A, q) where A : ObV ObA is a function that sends all but a 
finite number of elements of V to the base point zero object of A, and q = {qij)i.jev 
is a matrix of elements qij G A{Aj,Aiy of degree 1 such that qij = for i < j G P 
and dq + q^ ~ 0. Note that only finitely many entries in q are non-zero, and thus, 
the matrix product makes sense. For two objects A — {A,q^) and B = {B,q^) 
of VA, the morphism complex is 

VA{A,Br = n '4(A„B,)" 

ijev 

whose elements are the matrices / = {fji)i,j£P with entries fji S A{Ai, Bj)" . The 
differential for such a matrix is defined by 

dvAf = dAf + q''of- (-1)1/1/ o q^. 

Composition in VA is matrix multiplication in A. One checks that VA is indeed 
a dg category. Clearly, the assignment {V, A) ^ VA is functorial in A. It is also 
functorial in V as an embedding Vq C Vi defines a full embedding of dg categories 
VqA C ViA sending {A, q) G VqA to its extension by zero {A, q) in ViA where 
Ai — Ai ii i & Vo, Ai = ioT i ^ Vo, qij — qij if i, j £ Vq and qij = otherwise. 

Remark 1.4. The embedding VqA C ViA is essentially surjective on objects 
(hence an equivalence of dg categories), if for every embedding of posets P C Vi 
with P finite, there is an embedding P C Pq. In particular, any poset embedding 
N C 7-" induces an equivalence of dg categories NA C VA since every finite poset 
can be embedded into N. 

The functor {V,A) ^ VA is symmetric monoidal with monoidal compatibility 
map 

(1.3) VoA(E)ViX ^ {VaxVi){A(g>X) 

sending the object {A, q^), {X, q^) of VqA ® ViX to the object {AX, q^^) where 
{AX)ax = {Aa,X^) for a e Po, a; e Vi, and 

1a„ ® a = h 
otherwise 
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for a,b G Vo and x,y G Vi- On morphism complexes the dg functor sends the tensor 
product of matrices (/)<8'(g) to the matrix (f^g) with entries {f®g)ax,by — fab®gxy 
for a,h £Vq and x,y £ Vi- 

Definition 1.5. Let ,4 be a pointed dg category. The dg category of extensions of 
A is the dg category 

defined in Section 11.51 where Z is the poset of integers with its usual ordering. The 
dg category of extensions is equipped with full inclusion of dg categories A C 'ZA 
induced by the embedding of posets {0} C Z. 

Lemma 1.6. Let A be a pointed dg category. Then the dg category of extensions 
TLA is exact. 

Proof. The only axioms of an exact category that are not obvious are the existence 
of push-outs along admissible monomorphisms and the existence of pull-backs along 
admissible epimorphisms. We proceed to verify the first of the two, the proof of 
the second being similar. 

Let [1] be a the poset {0 < 1}, and let S be a dg category. Then the objects of 
[1]B are triples {A°,A\a) where a G B{A°,Ay such that da = G B{A",A^)^. 

Let A'^ A^ ^ B he an admissible exact sequence in B, and choose s G B{B, A^)^ 
and r G B{A^,A^)'^ such that l^o ~ rf, l^i = fr + sg, and 1b = gs. Then 

il ) : A^ ^ {A°,B,rods) and (f s) : (A" , B,r o ds) ^ A^ 

are morphisms in [1]B that are inverse to each other. 

Any diagram of morphisms X -l^ A'^ >^ A^ in B where / is an admissible 
monomorphism (with quotient B as above) can be completed to a push-out diagram 
in [1]B as follows 

A" 

X-—^{X,B,q) 

where q — h o r o [ds). 

This applies in particular to the dg category B = "LA. We claim that the 
inclusion {0} C [1] induces an equivalence of dg categories IjA C [1](Z^), and 
hence, push-outs along admissible monomorphisms in "LA exist and are admissible 
monomorphisms. To prove the claim, we construct a full embedding of dg cat- 
egories {[1\V)A where the ordering on the set [1\V = [1] x T' is the 
lexicographic ordering, not the cartesian product ordering. The embedding sends 
an object {A°,A^,a) of [1]{VA) with A" = {A°,q°) and A^ = {A^,q^) e VA 
to the object {A,q) of where Ag^i = Af and q(s.i),{t,j) = it.j for s = t, 
'Z(o.i),(ij) = and (?(i,i),(oj") = This embedding commutes with the embeddings 
VA C and VA C {[l]r)A induced by {0} C [1]. Since the full inclusion 
ZA C ([1]Z)^ is essentially surjective (as both posets Z and [1]Z contain N), this 
shows that the full inclusion ZA C [1](Z^) is also essentially surjective, hence an 
equivalence. □ 
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Definition 1.7. Let ^ be a dg category. The pretriangulated hull of A is the dg 
category 

It is equipped with the full inclusion A C ^p*"^ induced by the inclusions A C 
'^kA C ('^fc^)+ C Z(%^)+. By Lemma [TS] below, the dg category ^p*'' is indeed 
pretriangulated, and the inclusion A C A^^'^ is an equivalence if and only if A is 
pretriangulated. 

There is an action 

of the symmetric monoidal category '■^k on A^^^' given by the composition of dg 
functors 

'^k ® ® ^)+ — > ® % ® ^)+ — > 1{'^k ® ^)+ 

in which the first map is the monoidal compatibility map (|1.3p with Vo = [0] and 
Vi = Z, and the second map is induced by (S) : '^k ® '^k ^ ''^k- For objects A of 
'i^k and X of jz/p*'', we may write AX ioi A ^ X. In this sense, the objects CX 
and TX are defined; see Example ll.il The action makes Z°j2/p*'' into a complicial 
exact category in the sense of ^Schlll Definition 3.2.2]. By [Schlll A. 2. 16], it is a 
Frobenius exact category, that is, an exact category with enough injective projective 
objects. An object of Z'^^p''' is injective and projective if and only if it is a direct 
factor of an object of the form CX with X e ^p'"^. 

Lemma 1.8. (1) Let A <Z B be a full inclusion of dg categories with A pretri- 
angulated. Then if in an exact sequence 

Q ^ X ^ Z ^0, 

X and Z are in A then Y is (isomorphic to an object) in A. 

(2) If A is a pointed pretriangulated dg category, then the inclusion 

AcZA 

is an equivalence of dg categories. 

(3) For any dg category A, the dg category ^p'"^ is pretriangulated. 

(4) A dg category A is pretriangulated if and only if the inclusion 

A c ^P*-" 

is an equivalence. 

Proof. If A is pretriangulated, then the tensor product 'iok®^k '^k makes Z^'^kA 
into a complicial exact category. In particular, Z'^'^ A and its equivalence category 
Z^^ are Frobenius exact categories with projective injective objects the direct 
factors of CX, a: G ^; see [Schlll A.2.16]. 

ID) Embedding B into Z(i3_|_), we can assume B to be exact. Since A is pretrian- 
gulated, there is an admissible monomorphism X ^ CX in A with CX injective 
(use the equivalence A C '^A). The map A — y is an admissible monomorphism 
in S, and CX is an injective object of B. It follows that the map A ^ CX extends 
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to a map Y ^ CX , and we obtain a map of exact sequences in B 

X> ^Y 



X> ^ CX ^ TX. 

The right hand square is a pull-back square in B. Since A is exact and the maps 
CX — > TX and Z — > TX are in A with CX -» TX an admissible epimorphism 
in A, the pull-back P of CX TX ■(— Z exists in A. Since A C B is exact, it 
preserves pull-backs along admissible epimorphisms. Hence, Y is isomorphic to P, 
an object of A. 

Every object X of ZA has a filtration = Xq C Xi C ... C X„ = X with 
C ^i+i an admissible monomorphism in ZA and quotients X^+i/Xi in By 
dl]), the object X is (isomorphic to an object) in A. 

([3]) By Lemma 11.61 the dg category A^^' is exact. Moreover, the inclusion 
Z{'rfkA)+ C '^kH'^kA)+ is an equivalence with inverse '^k^'^kA)+ Z{%A)+ 
induced by the tensor product ^k®^k ^k- Therefore, AP^'' is indeed pretrian- 
gulated. 

(|H) Assume that A is pretriangulated. Then the inclusions A C A C Z<y€A)j^ — 
AP'^^ are equivalences. The first, by what is means for a dg category to be pretri- 
angulated, and the second, by ([2]). The other implication is trivial. □ 

1.6. The homotopy category of a dg category. Let ^ be a dg category. The 
homotopy category TJ^^p'"' of its pretriangulated hull is a triangulated category. As 
noted above, the exact category Z°^p*'' is a Frobenius exact category. Its homotopy 
category is H.^ AP"^^ , and it is therefore triangulated |Hap87| , jKel96| . The exact 
triangles in Tf' AP^^ are those which are isomorphic in AP^^ to a standard exact 
triangle 

(1.4) xAy A C{f) A TX 
defined by the following map of exact sequences in A^^'^ 

(1.5) x..^^CX^^TX 



f 



1 



Y^^dD^TX 

for any morphism / : X — > F of ^p''' where the left-hand square is cocartesian in 
^P*'' (whose existence is guaranteed by Lemma [1.6^ . 



Remark 1.9. As a triangulated category, the category iJ'^^P''' is generated by 
A, that is, every object of H'^A^^' is obtained from A by iteration of taking finite 
direct sums, shifts and cones. This is because every object of Z'^^kA has a filtration 
with quotients in "^kA, and every object in "^kA is obtained from A by iteration of 
taking finite direct sums, shifts and cones (since is obtained from k in this way). 

Definition 1.10. A localization pair is a pair {A,Ao) consisting of a dg category 
A and a full dg subcategory Aq C A. A morphism of localization pairs (^, ^o) ^ 
{B, Bo) is a dg functor A B which sends .4,0 into Bq- The associated triangulated 
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category of a localization pair {A, Ao) is the Verdier quotient triangulated category 
r{A,Ao) = (i?MP*'-)/(i/MP*'). 

Write for the full dg subcategory of A consisting of the objects A ^ A which 
are zero in the associated triangulated category T{A,Ao). The localization pair 
is called saturated if = ■ The saturation of (^,^0) is the localization pair 
{A, A^). Note that a localization pair and its saturation have the same associated 
triangulated category. 

Definition 1.11. A dg category with weak equivalences is a pair ^ = {A,w) 
where ^ is a dg category and w C Z'^^p*'' a set of niorphisms such that there is a 
full dg subcategory ^0 C A with the property that a morphism in ^p*'' is a weak 
equivalence if and only if it is an isomorphism in the triangulated category T{A, Ao) 
of the localization pair {A, Aq). If (.4, A^) is the saturation of {A, Aq) then the dg 
subcategory A^ and the set of weak equivalences w C ^p*"^ determine each other. 
In other words, a dg category with weak equivalences is the same as a saturated 
localization pair. The triangulated category associated with a dg category with 
weak equivalences = (A, w) is the triangulated category 

= TiA, w) = w-^H°AP'' = H^A^^'/H^A'^'y'' 

of the associated (saturated) localization pair. A dg functor F : A B between 
dg categories with weak equivalences {A, w) {B, w) is called exact if it sends the 
weak equivalences to weak equivalence, or equivalently, if it sends A"' to B^. Such 
a functor induces a triangle functor T{A, w) — > T(i3, w) which strictly commutes 
with the shifts in both categories. We write dgCatW for the category of small dg 
categories with weak equivalences. This is the same as the category of saturated 
localization pairs. A dg category A is considered a dg category with weak equiva- 
lences where the weak equivalences are the homotopy equivalences, or equivalently 
it is the saturation of the localization pair {A, 0). 

The category dgCatW is closed symmetric monoidal. The tensor product in that 
category {A, w) {B, w) is the saturation of the localization pair {A C$i B, A^ (^BU 
A^^B"^). The function object dgFun(^, w; B, w) is the saturation of the localization 
pair (dgFun'"(^, B), dgFun(^; B"")) where dgFun'"(^, B) is the full dg subcategory 
of dgFun(^, B) of those dg functors that preserve weak equivalences. 

There arc the obvious modification in the pointed case. A pointed dg category 
with weak equivalences is a dg category with weak equivalences (A, w) such that A 
is pointed. A morphism of pointed dg categories with weak equivalences is an exact 
dg functor that preserves the base points. The category dgCatW^ of small pointed 
dg categories with weak equivalences is symmetric monoidal with {A, w)'S^{B, w) the 
saturation of {A'S>B,A'^^BUA^B^) and function object dgFuii^{A, w]B,w) the 
saturation of (dgFun^(.A, S), dgFun,(^; B"")). The functor dgCatW ^ dgCatW, : 
{A, A"') I— > (A+^A^) is symmetric monoidal with monoidal compatibility map as 
for dgCat — > dgCat^. 

1.7. Categories with duality. Recall from |SchlOa) . [SchlObj that a category with 
duality is a triple (C, *,r]) with C a category, * : — >■ C a functor, 77 : 1 — > ** a 
natural transformation, called double dual identification, such that 1^* = Va° Va* 
for all objects A in C. If 77 is a natural isomorphism, we say that the duality is 
strong. In case 77 is the identity (in which case = id) , we call the duality strict. 
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A symmetric form in a category with duality (C, *, 77) is a pair {X, ip) where 
if : X ^ X* is a morphism in C satisfying ip*r]x — ip. A map of symmetric forms 
{X, (fi) — !> {Y, ip) is a map f : X —i' Y in C such that ip = f* o ijj o f . Composition 
of such maps is composition in C. For a category with duahty (C, *,?]), we denote 
by Ch the category of symmetric forms in C. It has objects the symmetric forms in 
C and maps the maps between symmetric forms. 

A form functor from a category with duahty {A, *,a) to another such category 
{B, *, P) is a pair (F, (p) with F : A B a functor and (p : F* *F a natural trans- 
formation, called duality compatibility morphism, such that — tpA* F^ua) for 
every object A of A. There is an evident definition of composition of form functors; 
see |SchlOa[ 3.2]. We write CatD for the category of small categories with duality 
and form functors as morphisms. A natural transformation / : (F, tp) (G, ip) of 
form functors A ^ B is a natural transformation of functors f : F G such that 
for all objects A of ^ we have fX°'4'A° fA' = '■PA- 

If A and B are categories with duality, then the category Fun(^, B) of functors 
A ^ B is a category with duality, where the dual of a functor F is and 
the double dual identification rjp : F F*" at an object A of ^ is the map 
[iF(^A**) ° F{aA) = F{aA)** o Pfa- To give a form functor {F, ip) is the same as to 
give a symmetric form ip) in the category with duality Fun(^, B) in view of the 
formulas tpA — F{aA)* o PA" and (pA = ipA* ° F(a^). A natural transformation 
(F, (p) — >■ (G, '0) of form functors is the same as a map (F, ip) — > (G, tp) of symmetric 
forms in Fun(^, S). 

A duality preserving functor between categories with duality [A, *, a) and {B, *, /3) 
is a functor F : A ^ B which commutes with dualities and double dual identifi- 
cations, that is, we have F* — *F and F{a) — /3p. In this case, {F,id) is a form 
functor. We write CatDst^ for the category of small categories with strict duality 
and duality preserving functors as morphisms. 

1.8. DG categories with duality. If ^ is a dg category, its opposite dg category 
A"P has the same objects as A and mapping complexes A°'''{X,Y) = A{Y,X). 
Composition is defined by fP o g°P = (-l)l/ll9l(g o where f°P and g"P are the 
maps in A°p corresponding to the maps / and g in A. For a dg functor F : A^ B, 
the assignment F°p : A^p ^ B°p : X ^ F{X), fP ^ FiffP defines a dg functor 
between opposite categories. The identity A°p ® B°p {A® B)°p : {A, B) ^ 
(j4, B), f°P ®g°P I—)- {f (S)g)°P is an isomorphism of dg categories and lets us identify 
these two dg categories. Note that {A°p)°p = A. 

Definition 1.12. A dg category with duality is a triple {A, V, can) where ^ is a dg 
category, V : A°p A is a morphism of dg categories, called duality functor, and 
can : 1 — > Vo V"'' is a morphism of dg functors (that is, an element of Z'^[l, VoV"^]), 
called double dual identification, such that can^ o can^v = l^iv for all objects A 
in A. Any dg category with duality (A, V, can) defines a category with duality 
{Z'^A, V, can) by restriction of structure along the inclusion Z'^A C A. 

A morphism (^, V,can) — (S, V,can) of dg categories with duality (also called 
dg form functor) is a pair {F, ip) where F : A ^ B is a morphism of dg categories 
and : Fo V — 5- Vo (F°p) is a morphism of dg functors, called duality compatibility 
morphism, such that ipA-^ o F(can^) = (p\ o canpA for all objects A of A. Compo- 
sition of {F,ip) : (^, V,can) — >• (S, V,can) and (G, V') : V,can) (C,V,can) is 
{GoF,'ippoG{(p)) : (yt, V,can) -> (C,V,can). Composition is associative and unital 
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with unit on A the identity dg form functor (id a, id). This defines the category 
dgCatDj, whose objects are the small dg categories with duality (over k) and whose 
morphisms are the dg form functors. 

The category dgCatDj, is closed symmetric monoidal. The tensor product 

[A, V, can-^) (g) {B, *, can^) = (A® B,V (g) *, can"^ ® can^) 

has duality functor V «) * : {A B)°p ^ A°p (g B°p ^ A (g B and double dual 
identification can;;4 (g) can§ : {A,B) The unit of the tensor product 

is the dg category k equipped with the trivial duality. The switch r : AcgiB BCSiA 
in dgCatDj, is the switch in dgCatj, with identity as duality compatibility map. 
The internal function object of V, can-^) and (S, *,can^) is the dg category 
dgFun(^, B) of dg functors equipped with the duality 

tt : Fnn{A, BfP Fun(^, B) : F ^ ^ * o F''^ o y°P 

and double dual identification can^ oi^(can-^) : F FW. Note that a dg form 
functor (F, (/?) : A ^ B between dg categories with duality is the same as a sym- 
metric form in the dg category with duality dgFun(^, B) of dg functors from A to 
S, or, in the notation of Section [TTTl an object of the category [Z'^ AgYm\{A,B))h 
of symmetric forms in dgFun(^, B). 

There are evident similar definitions in the pointed case. For instance, a pointed 
dg category with duality is a dg category with duality for which the duality functor 
preserves base points. We obtain the closed symmetric monoidal category dgCatD^ 
of pointed dg categories with duality, and the functor 

dgCatD dgCatD^ : A^ A+ 

is symmetric monoidal. 

1.9. "^["l and shifted dualities. Recall that tensor products and function com- 
plexes make the category of bounded chain complexes of finitely generated free 
fc-modules into a closed symmetric monoidal category. Therefore, an object A in 
'^S'k defines a dg category with duality 

Va : ^ -^fc : X [X, A] 

and canonical double dual identification can^ : X —5- X^-*^-* : x H> can^(a;) given 

by 

can^(:r)(/) = (-l)l-ll/l/(a;) 

for / e [X,AY,x e Denote by ^^[^^ the dg category with duality ("^fe, V^, can^). 
Tensor product of complexes defines an equivalence of dg categories with duality 

(1.6) (®, can) : ^^^"^ ® -^I^l ^ -^I-^^^l 
where the duality compatibility isomorphism is 

(1.7) c&n:[X,A]®[Y,B]~^[X ®Y,A®B]: f f ®9 

with (/ ® g){x ®y) = (— l)''^"^'/(a;) ® g{y)- For later reference, we note that the 
following diagram of dg form functors commutes up to natural isomorphism of form 
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functors 



((§^,can) 



(id,T) 



where left vertical dg form functor is the switch in the symmetric monoidal dgCatD^. 
and the right vertical dg form functor is the identity functor equipped with the 
duality compatibility map [1, r] : [X, A®B] — )• [X, B®A\ induced by the switch A® 
B ^ B^A'm^k. The isomorphism of form functors between the two compositions 
in the diagram is given by the switch isomorphism t : X ^ X m'^k- 

Remark 1.13. A map fi : X ®Y ^ A m. '^f. (or any closed symmetric monoidal 
category) defines, by adjunction, a map 



^^■X^[Y,X^Y] [Y,A] 



which satisfies ipt^ ocany = f^ioc where j^io c : Y X ^ X ()f)Y ^ A. In particular, 



a map fi : X ^ 
a map ipf^ : X 



' X A with ji o c = fi defines a symmetric form on X , that is. 



X^ 



sa 



g 



For n e Z, we write , or simply "^l"!, for the dg fc-category with duality 
^'=N where k[n] is the dg fc-module with A;[n]~" = k and k[nY = for i ^ —n. 
Tensor product defines an equivalence of dg categories with duality 



(1.8) 



Mi 



where the second form functor is the identity together with the duality compatibility 
map [X, fc[i](8>A;[j]] — >■ induced by the isomorphism (8)fc[7] — > k[i+j] : 

X ® y ^ xy. Note that under this isomorphism, the switch map k[j] ® k[i] — )• 
is identified with multiplication by (—1)*-' : k[i-\-j] — )• k[i-\-j]. Therefore, 
in the following diagram, the left hand square commutes up to natural isomorphism 
of dg form functors, and the right hand diagram commutes 



J](g)<^m (»,can)^^^^.j^^^.j (1,M)^ <^k[i+j]_ 



(1.9) 



The right vertical arrow can be thought of as tensoring with the form (—1)'-' where 
(— 1) is the inner product space {k, —1) in "^["I given hy x,y i-^ —xy. For further 
reference, we record this in the following lemma. 

Lemma 1.14. The following diagram in dgCatD^, commutes up to natural isomor- 
phism of dg form functors 



®{-l>*^' 



□ 
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Remark 1.15. If we denote by m : k[2] (E)k[2] — ^ fc[4] the multiplication map, then 
tensor product with the symmetric form {k[2],m) in "^[^l induces isomorphisms of 
dg categories with duality 

(1.10) {k[2],m)®7 : "^["1 A '^^["+41; 

compare [SchlQbl Proposition 7]. 

Definition 1.16. Let ^ be a dg category with duality. The n-th shifted dg category 
with duality is 

= <^4"1 ® A. 

The equivalences (|1.8|) and isomorphisms (|1.10p induce equivalences and isomor- 
phisms of dg-categories with duality 

All dg categories are equivalent for n e Z but are equipped with different 
dualities. If the dg-category with duality A is pretriangulated, then so is 
71 e Z, and ^ ^ is an equivalence of dg categories with duality. 

1.10. The pretriangulated hull of a dg category with duality. Let A be 

a dg category with duality. We will make its pretriangulated hull ^p'' into a dg 
category with duality such that the inclusion A C .4^'' is duality preserving. 

For that, let {A, V, can) be a dg category with duality. Consider the ordered set 
Z as a category with strict duality Z°^' Z : n —n. Then the dg category of 
extensions ZA is equipped with the duality 

V : iZA)°P ^ ZA : (A, q) ^ {A, = (A^, -g^) 

where {A^)i,j = {A^j^^iY and has entries {q^)ij — [q-j-iY- On morphism 
complexes, the duality sends a matrix / to the matrix with entries {f^)ij = 
_i)v. The double dual identification can : {A,q) (A,^)^^ = (^^^,(7^^) is 
the matrix with entries {cani^A,q))ij = can^^ for i = j e Z and {ca.n(^A,q))ij — for 
i ^ j & Clearly, the inclusion A C ZA preserves dualities. 

For a dg category with duality A, the category ^j^^A is a dg category with dual- 
ity, and the inclusion A C '^j^^A : X 1— >■ 1 (g) X is duality preserving. Therefore, the 
pretriangulated hull ^p*'' ~ Zf€^^A is a pretriangulated dg category with duality 
containing ^ as a full dg subcategory with duality. If ^ is a pretriangulated dg 
category with duality then the inclusion A C .4^'' is an equivalence of dg categories 
with duality. 

Definition 1.17. A dg category with weak equivalences and duality is a quadruple 
£/ = (^, w, V,can) where {A,w) is a dg category with weak equivalences and 
{A, V,can) is a dg category with duality such that the dg subcategory A^ C ^ of 
w-acyclic objects is closed under the duality functor V and can^ : A — > A^^ is a 
weak equivalence for all objects A of A. Note that then / € w if and only if G w. 
We may sometimes omit w, V or can from the notation when they are understood. 

A morphism of dg categories with weak equivalences and duality (or exact dg 
form functor) is a dg form functor (F, ip) where F an exact dg functor. Compositions 
of exact dg form functors are exact dg form functors. This defines the category 
dgCatWDj. of small dg fc-categories with weak equivalences and duality. Note that 
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if ^ = (^A, w) is a dg category with weak equivalences and duality, then so is its 
pretriangulated hull ^p*'' = (y^P*'', w). 

Tensor product and function object given in Definition 11.111 and 11.121 make 
dgCatWD;. into a closed symmetric monoidal category. If jz/ = {A, w) is a dg 
category with weak equivalences and duality, then so is ^["1 — (^^"1 , w) which is 
the saturation of the localization pair )["]). There are the evident notions 

in the pointed case which the reader can easily spell out. 

1.11. Grothendieck-Witt groups of dg categories. A dg category with weak 
equivalences and duality £/ = (^, u',V,can) defines an exact category with weak 
equivalences and duality {Z'^A^^" , w, V, can) in the sense of [SchlOb' §2.3] with exact 
sequences as defined in Section [L4l As such its Grothendieck Witt group GWo(^) 
was defined in [SchlOb| Definition 1]. We will remind the reader of the definition 
below. But first, recall that a symmetric space in ^p*'' is a pair {A, ip) where 
(fi : A ^ A^ is a weak equivalence in ^p*'' such that (p"^ can^ = (f. 



Definition 1.18 f jSchlOb] ). Let £/ = (^, w, V, can) be a dg category with weak 
equivalences and duality. The Grothendieck-Witt group GWo{£^) of £/ is the 
abelian group generated by symmetric spaces [X,Lp] in (Z'^^p*'^, w, V, can), subject 
to the following relations 

(1) [X, ^] + [Y, ij] = [X (BY,^®^] 

(2) a g : X Y is a. weak equivalence, then [Y, V'] — [X,g*iljg], and 

(3) if {E, , ip,) is a symmetric space in the category of exact sequences in Z^^p''', 
that is, a map 



E. : 


E 


-i> 




I 


V-l 








E: : 


Et^ 



■En 



EX 



El 



E* 



of exact sequences with {ip^i,ipQ,ipi) 
lence, then 



[E(),ipo] 



E_ 



{iplri,ipQri,ip^iri) a weak equiva- 
®Ei,{,\%^)'_. 

Similarly, the Witt group Wo{s^) of jz/ is the abelian group generated by sym- 
metric spaces [X,ip] in (Z°^p*'', u;, V, can), subject to the relations 11.111 (IT|). ^ 
and 

(3') if {E,,(p,) is a symmetric space in the category of exact sequences in 

{Z°AP^',w,W, can), then [Eo,ipo] = 0. 
Furthermore, we define the shifted Witt and Grothendieck- Witt groups of ^ as 

H/N(^) ^ w'o(.c/["l) and GW(|"l(i/) = GW^o(-5^'"')- 

1.12. More on extension categories. Let poSetD^^^ be the category of posets 
with strict duality. Morphisms in that category are the order preserving embeddings 
which commute with dualities. Again, cartesian product makes poSetD into a 
symmetric monoidal category. We will extend the symmetric monoidal functor 
(|1.2p to a symmetric monoidal functor 

poSetDgtj. X dgCatD, dgCatD^ : V, {A, V, can) ^ {PA, V, can). 



(1.11) 
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Let V he a, poset with strict duality V"^ V : x ^ x' , and let V,can) be 
a pointed dg category with duality. Then VA is equipped with the duality V : 
(VAfP VA : {A,q) ^ {A,qy = (A^,-?"") where (AV),^ = {Aj,,,y and 
has entries {q^)ij = {qj'i')'^ . On niorphisni complexes, the duality sends a matrix 
/ to the matrix with entries {f^)ij = {fj'i'Y- The double dual identification 
can : [A, q) {A, g)^^ = (^^^j 9^^) is the matrix with entries (can(^ = can^i 
for i — j €z V and (canj^ q))^^ — for i ^ j ^ V . In the obvious way this 
construction is functorial in posets with strict duality V and in pointed dg categories 
with duality [A^ V, can). The monoidal compatibility map is duality preserving 
and thus equipped with the identity as duality compatibility map. 

Let ^ be a pointed dg category with weak equivalences, and write A^ for its 
full subcategory of acyclic objects. Then VA is a pointed dg category with weak 
equivalences the smallest set of weak equivalences for which the objects of V{A^) 
are acyclic. If is a pointed dg category with weak equivalences and duality, then 
this makes VA into a pointed dg category with weak equivalences and duality. We 
obtain the symmetric monoidal functor 

poSetD.t, X dgCatWD, ^ dgCatWD, . 

2. The cone functor and a counter-example to invariance 

Let ^ be a pretriangulated dg category with duality. Any morphism / in A has 
a cone C(/) in A defined by diagram ()1.5p . This defines a (dg) functor 

Cone : Fun([l], ^) -^A:!^ C{f ) 

where [n] denotes, as usual, the category (with unique duality) 1 —>••■—>■ n 
associated with the poset < 1 < ... < n. Thus, both categories Fun([l],^) and 
A are exact dg categories with duality. In what follows, we make the cone functor 
into a dg form functor 

Cone:Fun([l],^)^yt[il 

with double dual identification a natural isomorphism. Note that the target will 
be equipped with a shifted duality. The construction of the cone functor and its 
properties will be fundamental for the rest of this paper. In this section, we will 
use it in Proposition 12.11 to give a counter-example to invariance under derived 
equivalences. 

2.1. The mapping cone as a dg form functor. Recall from Section [1.61 the 
commutative dg fc-algebra C and the exact sequence (|l.ip in ■ For a dg category 
A, let 5*2^ denote the full dg subcategory of Fun([2], ^) of those functors A : [2] — > 
A for which the sequence ^2 is exact in A. Thus, F defines an object 

in S2Ck. 

Recall (Remark I1.13P that the multiplication map /i : C ® C — > C of the com- 
mutative dg fc-algebra C together with the composition pji : C ® C ^ T define a 
symmetric form (C, /i o p) in C^^^ whose adjunction ip^op '■ C [C, T] is easily seen 
to be an isomorphism. In this way we obtain a symmetric isomorphism of short 
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exact sequences 

(2.1) T: fc>- 

7 7-1= V 

[r,T]: [T,T] 



■T 



V^op 71 = 



[P,l] 



[C,T] 



[k,T]. 



[1] 



In other words, the pair (r,7) defines a symmetric space in £'2^^, 
(r,7) defines a dg form functor 

(r,7) (^zd : A (^s-^'^V C 52(^''U) = S2A^^l 



Tensoring with 



with duafity compatibihty map a natural isomorphism. Note that 5*2 (^'"') = 

Next, for any exact dg category with duality A we define a dg form functor 

{A,S) : Fun([l],S'2^) A 
as foUows. The exact dg-category with duafity Fun([2], 52^1) has objects the se- 



yO yl 

quences A'^ ^ Al A^ of morphisms of short exact sequences Al : Aq 
of objects in A. The evaluation at (1, 1) 



A\ ^ Al 



e:Fnni[2],S2A)^A' 



{A° CaI^ Al) ^ Al 



preserves dualities and thus defines a dg form functor between exact dg categories 
with duality. 

Let M{A) C Fun([2], 52-4) be the full dg-subcategory of those sequences A'^ 

Al Al for which the maps /q : v4g — >• Aq and /2 : ^2 ~^ ^2 ^-''^ the identity maps. 
The duality on Fun([2], 6*2^) preserves the subcategory M{A) and thus makes 
M{A) into a dg category with duality. The dg-functor M{A) Fun([l], 5*2^) : 
° f'^ preserves dualities. If A is exact then this is an equivalence 
of dg-categories. By Lemma 12.41 below, we can choose an inverse dg form functor 
Fun([l], S'2-4) A4{A) which is unique up to natural isomorphism of dg form 
functors. The dg form functor (A, (5) is the composition 

{A, 6) : Fun([l],52^) M{A) C Fun([2],52^) ^ A 
Finally, the mapping cone dg form functor is the composition 



(2.2) Cone : Fun([l],^) 

More precisely, it is the zigzag 



(r,7)®i(i 



Fun([l],52^[iV^^^W 



(2.3) 



Fun([l],^) 



(r,7)i»ici 



Fun([l], 52^111) 4^ M{A) ^[11 



of dg form functors in which the arrow in the wrong direction is an equivalence of dg 
categories with dualities for which we may choose an inverse if we wish. Replacing 
A with ^["1 we obtain the dg form functor 

Cone:Fun([l],^["l) ^^["+11 

for any exact dg category with duality and n G Z. Note that the duality compati- 
bility morphism for this form functor is an isomorphism. 
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2.2. A counter-example to invariance under derived equivalences. The 

following proposition shows that an exact dg form functor si ^ SS between pre- 
triangulated dg categories with weak equivalences and duality which induces an 
equivalence of associated triangulated categories Ts^ ^ may not induce an 
isomorphism of Grothendieck-Witt groups GWo{£/) GWo{^) contrary to the 
situation in fc-theory. 

To state the proposition, let R be commutative ring. Equip the exact dg category 
'ifji of bounded chain complexes of finitely generated free i?-modules with the set of 
weak equivalences which are the quasi-isomorphisms, that is, the morphisms which 
become isomorphisms in H^^ji, or in other words, which are homotopy equivalences 
of bounded chain complexes. Recall from ^2.11 the cone dg form functor 

(2.4) Cone:Fun([l],'4"^')^^|''- 

Let w be the set of morphisms / in Fun([l], "^^jj"^') for which Cone(/) is a quasi- 
isomorphism. 

Proposition 2.1. Let R he a commutative ring. 

(1) The cone functor \2.4-\j induces an equivalence of triangulated categories 

w-^ Fun([l], "4"'') ^ quis-i "4°' 

(2) // 2 is not a unit in R, then the map 

GWo (Fun( [1] , 4; '1 ) , w) ^ GWo (4j°' , quis) 

induced by the cone functor |g.^[ ) is not surjective. 

Proof. An inverse to the frmctor in ^ is given by the functor "^/j — > Fun([l],^i{) 
sending and object A of to the map — > ^. Of course, this does not preserve 
dualities. 

For part ([2]), recall that GWo('4' ' ^^is) is the usual Grothendieck-Witt group 
GWi''^\R) of non-degenerate symmetric bilinear forms on finitely generated free 
i?-modules [SchlObi Proposition 6]. The isomorphism is induced by the map that 
sends a finitely generated free i?-module equipped with a non-degenerated sym- 
metric bilinear form to the complex concentrated in degree zero where it is that 
i?-module together with the induced form on the complex. Let to C i? be a maxi- 
mal ideal containing 2 which exists since 2 is not a unit in R. Then k — R/m is a 
field of characteristic 2. The composition 

rk™ : GW^'''"'{R) GWl'"'\k) = GVKo(fc) ^ Z : [M, ip] ^ dim(M (g)R k) 

is surjective since [R, 1] is sent to 1. We will show that for every symmetric space 
{M,(p) in (^jj ^\w), the rank rkm(ConeAf) of ConeAf at to is even. For that, we 
can assume R = k and it suffices to show that the composition 

(2.5) WoiFuiii[iy4-'^),w) Woik) A Z/2 

is zero. Since k has characteristic 2, we will ignore all signs. As mentioned 
above, inclusion as complexes concentrated in degree zero induces an isomorphism 
Wo{k) — >■ Wo ("^fc"', quis). The inverse W^o ("^i^' , quis) -J> Wo{k) is given by the zero- 
homology functor [M,ip] ^ [HoM^H^Lp]. Let {M,Lp) = (P ^ Q,ip^,(p'^) be a 
symmetric space in (Fun([l], "^J;"^'), w). We have to show that the symmetric space 

(TV, V') = Ho Cone(M, ip) 
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in Vectfc has even rank. Symmetry of the map {ip^,ip^) : (P, Q) — s> 1], P*[— 1]) 

means that (pf = {fi^i)*TiQi where V* — Homk{E,k) is the usual dual of a k- 
vector space V and 77 is the usual canonical double dual identification rjv ■ V ^ y**^ 
The cone symmetric space of (M, (p) in degree zero is the symmetric map of fc- vector 
spaces 

(2.6) (oa*r,) : Qo©Pi ^Pr©QS: where a = . 

The particular shape of the symmetric map shows that Qo®Pi has a basis wi, 

n = dimQo + dim Pi, of isotropic vectors, that is, of vectors ut for which the 

(possibly singular) associated symmetric bilinear form (j2.6p satisfies {vi,Vi) — 0, 

i — Since the field k has characteristic 2 this implies that every vector 

V € Qo © Pi has to be isotropic. As a subquotient, the non-singular symmetric 

space {N, ip) also consists of isotropic vectors. Hence, the symmetric space (iV, ip) 

over the field k of characteristic 2 is symplectic. Every symplectic inner product 

space has even rank [MH73| . hence, the map (|2.5p is the zero map. □ 

Remark 2.2. One shouldn't be surprised that the Grothendieck-Witt and hence 
the Witt groups are not invariant under derived equivalences, in general. These are 
functors that behave like Z/2-equi variant cohomology theories, and therefore, one 
would expect invariance under derived equivalences in the Z/2-equi variant sense. 
But to my knowledge, this hasn't been worked out. 

We conclude this section with two lemmas used in the construction of the cone 
dg form functor. Recall terminology and notation from Section [1.71 

Lemma 2.3. Let (P, ip) : {A, a) (B, *, /3) be a form functor between categories 
with duality. If F is an equivalence of categories and ip a natural isomorphism, 
then (P, ip) induces an equivalence of categories of symmetric forms 

iF,ip)h -.Ah^Bh- 

Proof. Easy verification left to the reader. □ 

Lemma 2.4. Let (P, ip) : {A, a) — > (B, *, /3) be a form functor between categories 
with duality. If F is an equivalence of categories and ip a natural isomorphism, then 
(P, ip) is an equivalence of categories with duality, that is, there is a form functor 
(G, 7) : (S, *, /3) — ^ {A, *, a) such that (P, ip) o (G, 7) and (G, 7) o (P, ip) are naturally 
equivalent to the identity form functors. Moreover, any two inverses of (P, p) are 
naturally isomorphic. 

Proof. Composition with (P, ip) induces a form functor between categories with 
duality 

(P, ip) : Fun{B, A) Fun(i3, B) : G ^ F o G 

which is an equivalence of underlying categories (since P is) and whose double dual 
identification is an isomorphism (since ip is). By Lemma [2.41 the induced functor 
between categories of symmetric forms is an equivalence of categories 

Fnn{B,A)h ^ Fnn{B,B)h : (G,7) ^ {F,ip) o (G,7). 

In particular, there is an object {G,j) of Fun(i3,^);i such that {F,ip) o {G,j) is 
naturally isomorphic to the identity form functor on B. This object is unique up to 
natural isomorphism of form functors. Thus, we have shown that any form functor 
(P, ip) with P an equivalence and ip an isomorphism has a right inverse (up to 
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natural isomorphism of form functors) which is unique up to natural isomorphisms 
of form functors. Let (G,7) be such an inverse. Then since F is an equivalence, 
so is G, and since, furthermore, ip is an isomorphism, so is 7. Therefore, (G, 7) 
has a right inverse, too, say {H,ri). But then (F^ip) is naturally isomorphic to 
{F, (p) o [(G, 7) o (H, ?/)] = [(F, (fi) o (G, 7)] o (H, 77) which is naturally isomorphic to 
[H,!]). Hence, (G, 7) is not only a left but also a right inverse of {F,ip). □ 



3. Grothendieck-Witt groups of triangulated categories 

Our reference for triangulated categories is |Kel96j . In particular, we will only 
assume that the shift functor T : /C — > /C in a triangulated category /C is an 
equivalence of categories. 

Definition 3.1. A triangulated category with duality is a triangulated category /C 
together with an additive functor [1 : IC°p K, and natural isomorphisms A : jj = 
Tttr and n7 : 1 = tJtJ satisfying (P) - ^ below. 

(1) The following diagram commutes 



(2) For all objects X of /C we have vj\^ o wxi = lj5c«- 

(3) If 

(3.1) X^Y-^Z-^TX 

is an exact triangle in fC. Then the following triangle, called dual triangle, 
is also exact in K, 

(3.2) z« ^x«^^'^^"r(z«). 

Remark 3.2. Given a triangulated category /C, an additive functor (j : IC"^ /C, 
a natural transformation : 1 — jjjj and a natural isomorphism A : jj ^ TjJT 
satisfying ([ij and ([2]) of Definition 13.11 Then ([3]) is equivalent to requiring the 
exactness of the following triangle 



Remark 3.3. There is an evident category A/C of exact triangles in JC. The duality 
functor tt on makes A/C into a category with duality (AM^, jj, w) where the duality 
functor 

tt : (A/C)"" ^ A/C 

sends the exact triangle (|3.ip to the exact triangle (|3.2[) . The double dual identi- 
fication for the exact triangle p.l|) is the map of triangles (tux, wy, toz) which is 
indeed a map of triangles in view of the commutative diagram in Definition 13 . 1 1 p ]) . 

Definition 3.4. A morphism of triangulated categories with duality 



{FiP^v) ■ (^i,tt,^^,A) (/C2,tl,-!i7, A) 
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is a triple {F, p, ip) where : /Ci — > /C2 is an additive functor, p : FT = TF and 
if : Ff, = 'iF are natural isomorphism such that (F, p) : /Ci — ?• IC2 is a triangle 
functor and such that the following diagrams commute 



Fro 



F(A) Per 



^F- 



Tj^TF 



n(p) 



■TF^T 
T^FT. 



Composition is defined as 

(F, p, <f) o {F, p, If) 



{F o F,pF o Fp, (pF o Ftp). 



In this way we obtain the category TriD of small triangulated categories with duality 
and their morphisms. Note that a morphism of triangulated categories with duality 
{F, p, ip) as above induces morphisms of additive categories with duality {F, ip) : 
{K.i4,uj) (/Ci,ti,tn) and {F,p,ip) : (A/Ci,^, nj) 

For the purpose of the next definition, an inner product space in an additive 
category with duality {A, jj, ru) will mean a pair {A, ip) where (/? : A — > A" is an 
isomorphism satisfying ip'^WA — '•P- An isometry from {A,tp) to {B,tp) is an iso- 
morphism f : A ^ B in A such that ip = f'^tpf. This applies in particular to the 
additive categories with duality K. and AA^ associated with a triangulated category 
with duality IC. 

Definition 3.5. The Grothendieck- Witt group 

GW°{IC) 

of a triangulated category with duality IC = (/C, jj, nj. A) is the abelian group gener- 
ated by isometry classes [X, ip] of inner product spaces {X, ip) in /C, subject to the 
following relations 

(1) + = [x©r,^©^] 

(2) Given an inner product space in the category of exact triangles A/C 




that is, (i^„i,i^o,V'i) 
The Witt group 



T{h')oXx 



{iPiru,ipQru,ip_^w) is an isomorphism, then 



W°ilC) 



of K, is the abelian group generated by isometry classes [X, ip] of inner product 
spaces {X, tp) in /C, subject to the relation ^ above and [F, lyJo] = for every inner 
product space (<p-i, ipQ^ipi) in the category of exact triangles as in ([2]) above. 
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3.1. The functor T : dgCatWD — > TriD. Next we want to verify that the trian- 
gulated category of a dg category with weak equivalences and duahty is canonicahy 
a triangulated category with duality. For that, consider the natural transformation 
in 

aB,x,Y ■■ B[BX, Y] ^ [X, Y] : a{h ® f){x) = (-l)l''ll-^l/(6 ® x). 

It is the unique admissible natural transformation of this shape in the sense of 
[KML71| . For B = T = k[l] G "iffc, this map is an isomorphism. 

Let A = {A, tt, w) be a dg category with duality. To simplify notation, we may 
write (tt, vu) for the duality of '^^j^^A though it is strictly speaking (V (g) ft, can'Si'cu) 



where (V,can) = ([ ,l],can) is the duality on We define a natural transfor- 

mation A : tt ^ Tttr of functors "^fU ^ "^"'-^ by 

Aax = a ® 1 : (AX)^ = [A, 1] ® X« ^ T<iT{AX) = T[TA, 1] (g) X^ 

where A : [A, 1] T[TA, 1] is the inverse of q;t,a,i- 

Lemma 3.6. Let £/ = {A,w,jj,,uj) be a pretriangulated dg category with weak 
equivalences and duality. Then the datum 

defines a triangulated category with duality. 

Proof. As a localization of a category with duality where w is a natural weak 
equivalence, the datum {Ts^ , tl? ^) defines a category with duality where tu is a 
natural isomorphism. We are left with checking conditions ([T]) and ([3]) of Definition 

For the first condition, consider the following diagram in 

caiTi jzt V 

EX — [[BX, Y] , Y] 

OLB ,[BX,Y\,Y 

B[[X,Y],Y] — ^B[B[BX,Y],Y]. 



The diagram commutes for every X, Y , B in '^k- This can be checked directly 
by a diagram chase. Alternatively, it also follows from Kelly-MacLane's coher- 
ence theorem [KML71] as there is a unique admissible natural transformation 
BX [[BX, Y],Y]. Since in T^, we have WTi^ = V-^^^ ® w^i and X = X ® id, 
commutativity of the diagram for B = T and K = 1 implies the commutativity of 
diagram ([T]) in Definition 13.11 

We are left with checking condition ([3]) of Definition 13.11 The condition is in- 
variant under isomorphisms of exact triangles. Therefore, it suffices to check it for 
the standard triangles (|1.4p . For that, let / : X — y be a morphism in '^tokA, and 
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consider the commutative diagram 

X > '-^ ^cx. 




[p4](»l 



in which the outer diagram is the map of exact sequences (j2.1l) tensored with /. 
The rest of the diagram is given by the definition of the cone C(/). As usual, the 
squares with a D-sign in it are bicartesian. Applying the (exact) duality functor 
to the lower two squares of the diagram yields the lower part of the following 
commutative diagram 



(Ty)« >- 



iigil 



■ C{TY)^ 



■ T{TY)^ 



([i,r]y)« >- 

(71®/)" 

{TX f >- 



{[C,T]Yf 



([p,i]0i)« 



(7_i«il)« 



in which the upper vertical arrows are given by the natural isomorphism /3 : 
{[B,D]Y)^ -> B{DY)^ with B,D G "tf and Y e "^kA. For Y ^ E (g) Yq with 
E and Yq G A the natural transformation /3 has the form 

/3 ^ /3 (S, id : {[B, D]E)^ (g) Y^ B{DE)^ ® Y^ 

with /? : [[B^D\EY B ® {DE)^ the unique admissible natural transformation in 

[3 : B[DE, A] ^ [[S, D]E, A] : p{b ® f){g ® e) = ® e) 

which is an isomorphism for A,B,D,E G ^. 

Composition of the left two vertical arrows is {Tf)K This is because (71 (g f)^ = 
{Tf Y o (71 ® IyY reducing the claim to verifying (71 (g) ly)^ o /? = l(yy)it which can 
be checked within where, by adjunction, it boils down to the composition 

T(E)1^^ [l,T](E)t 

being the usual isomorphism T® 1 = T. Similarly, the composition of the right two 
vertical arrows is the natural transformation a : TjjT — >■ jl, inverse of A. Again, this 
can be checked within where, by adjunction, it boils down to the composition 



1 



. T [T, T]T 



T 



being the usual identification 1 (g) T = T. The outer part of the diagram shows that 
the following is an exact triangle in TA 



Xvoq 



T{TY)K 
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By Remark 13.21 we are done. 



□ 



Next, we want to show that the Grothendieck-Witt group of a pretriangulated dg 
category with weak equivalences and duahty coincides with the Grothendieck- 
Witt groups of its derived category Ts^ when 2 is invertible in that is, when 
^ is a dg /c-category such that 2 is unit in k. For that, let — (^, w, (t, w) be a 
pretriangulated dg category with weak equivalences and duality, and consider the 
localization functor 



(3.3) 



sending weak equivalences to isomorphisms. This functor preserves dualities and 
thus defines a form functor between categories with duality. Similarly, consider the 
functor 

(3.4) SiZ^A ^Ts^ 

from exact sequences in A to exact triangles in Ts^ . It sends an exact sequence 
(3.5) 

to the exact triangle 

/ 



/ 9 



qor 



■TX 



(3.6) X —^Y Z 

where the maps q = q{f,g) : C{f) TX and r = r{f,g) : C{f) 
by the commutative diagram 



(3.7) 



Z are defined 




TX, 

in which the square is cocartesian, and the map r{J,g) : C{f) — > Z is an isomor- 
phism in since it is an admissible epimorphism in 'i^kA with contractible kernel 
ex. It follows from the following lemma that the functor (j3.4p equipped with the 
identity as duality compatibility map is a form functor between categories with 
dualities. 



Lemma 3.7. Given an exact sequence LS. 5\) in a pretriangulated dg category A, 
then the following diagram is a map of exact triangles in TA 



T{Z^) 




T{Z^) 



T{h*)o\x 



where h ^ qor ^ with q = q{f,g), r = r(/,.g) and q = q{g^,f^), r = r{g'^,f^) 
defined by the commutative diagram ^3.7^ . In particular, the functor ^3.4^ preserves 
dualities. 
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Proof. The only thing that needs justification is the eommutativity of the right 
hand square in the diagram, that is, the eommutativity of 



T^TX- 



■ nc{f) 



This diagram commutes due to the following two facts. 
Firstly, in the following diagram 



T<iTX> 



1(81 



n{pm 



T^CX^ 



1 



the left square anti-commutes and the right square commutes where the middle 
vertical map is the natural transformation 



70®! 



[C, T] X* 



T[C, 1] ® X^ 



with 70 : C ^ [C,r] the map defined in section [O and /S : T[C,t] [C\T] the 
(admissible) natural transformation 

13 : A[B, E] -> [B, AE] : /3(a ®f){b)=a® f{b). 

Since all maps in the diagram are of the form ? ® ^x>^ (anti-) eommutativity can 
be checked in Ck with X = 1 in which case it is a direct verification. 
Secondly, given a commutative diagram in an exact category 



Aoo> 



02 



Aw> ^ All ^^12 



^20> ^ ^21 ^ ^22 

with exact rows and columns, let C be the push-out of the upper left corner, and 
P the pull-back of the lower right corner, and let : C — >■ A^-, and Pij : Aij P, 
i = 0,1,2, i+ j = 2, be the natural maps given by the universal properties defining 
C and P. Then we have the equation 

(3.8) piicii =P20C20 +P02C02. 

This can be checked by composing both sides of the equation with P A12, 
P ^ A21, Aqi C and Aio C. 

We apply the second fact to the diagram obtained by tensoring the (column) 
exact sequence with the (row) exact sequence (g^/'')• Then C = C{g'^), 

C20 = 9, C02 = r. In view of the first fact, we have P = T^CX, p2Q = r'^, and 
P02 — — g'Ax- In the equation p.Sp . the map pncn is zero in TA because it 
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factors through the object Cfly which is zero in TA. Therefore, equation p.Sp 
yields 

= o q — q^Xx o r. 

□ 

Since we have checked that the functors p.3p and p.4p preserve duahties, we 
obtain a well-defined map of abelian groups 

(3.9) GM^oK) -> GT4^°(r^) : [A, Lp] ^ [A, ip] 

for any pretriangulated dg category with weak equivalences and duality £/ . 

Proposition 3.8. Let = w, jj, he a pretriangulated dg category with weak 
equivalences and duality such that ^ G Then the map i3.9]} is an isomorphism 
of abelian groups 

Proof. For a small category C, write ttqC for its set of connected components, that 
is, the quotient of the set of objects of C modulo the relation (generated by) A ^ B 
whenever there is a morphism A ^ B in C. If C is a symmetric monoidal category, 
then ttqC is an abelian monoid, and we write Ko{C) for Grothendieck group of the 
abelian monoid ttqC. Recall from Section [1.71 the category Ch of symmetric forms in 
a category with duality C. So, KoCh denotes the Grothendieck group of symmetric 
forms in C, that is, the Grothendieck group of 7ro(C^) in case is symmetric 
monoidal. 

From Definitions 11.181 and 13.51 we have a map of short exact sequences of abelian 
groups 

Ko{wS2£^)h ^ Ko{w£/)h ^ GWo(^) ^ 

Ko{iATs^)h ^ Ko{iT£/)h ^ GW^iT^^) ^ 

where the vertical maps are induced by the functors p.3p and p.4p and the left 
horizontal maps are the differences of the two sides of the equations in Definitions 
11.181 ([3)) and 13.51 ([2)1. By Lemma [331 below, the middle vertical arrow is an isomor- 
phism. Therefore, the map in the proposition is an isomorphism if the left vertical 
map is surjective. 

Clearing denominators with respect to the set w of weak equivalences in the 
homotopy category TA of '^kA, we see that the map Tro{iATA)h T^o{iATs^)h is 
surjective, and thus, it suffices to show that the map TTo(vS2A)h T^oiiATA)h is 
surjective where v denotes the set of homotopy equivalences in "j^fcA. Every exact 
triangle in TA is isomorphic to a triangle of the form p.6p for an exact sequence 
([X5l) in Z^A. So, let 

(3.10) X ^ - Y — ^Z-^^^TX 













V2 



— ^ r« — ^ — ^ T(z^) 

g* /« T(/i«)oAx 

be a symmetric space in the category of exact triangles in TA where the rows are 
the exact triangle p.6p and its dual associated with the exact sequence p.5p in Z^A. 
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Since the functor '^kA — s> TA = H^^^kA is full, we can choose lifts ipo : X ^ 
and (fix : Y Y'^ oi (pQ and (fi. Then ipif^g'^ipo is nuU-honiotopic and thus factors 
through some injective object of Z'^'i^kA. Since / is injective, this map factors as 
S o f for some nuU-homotopic map S : Y ^ YK Replacing (pi with (pi + 6 yields a 
lift of (fi such that ipif — g'^(po. We obtain a map of exact sequences {(po, (pi, tp2) 
from (/, .g) to (.g',/') which lifts (t^Oj '^ii '^2) where ip2 ■ Z ~> X'^ is the map on 
quotients induced from ipi : y — )■ y". Then 

^{(po + (plmx,(pi + (p\mY,P2 + fi^z) 

is a symmetric map in 52*^-4 which is sent to the symmetric space p.lOp in /S.TA 
under the form functor p.4|) . Therefore, the map ■Ko{vS2'^kA)h — >■ 7ro(iAT-4)/i is 
surjective. Since the inclusion A — > "^kA is an equivalence, we are done. □ 

Lemma 3.9. Let si — (yl, it;, jj, tu) he a pretriangulated dg category with weak 
equivalences and duality such that ^ €E s/ . Then the functor {wA)h [iT£i)h '■ 
{X, ip) 1—^ {X, tp) induces an isomorphism of abelian monoids of connected compo- 
nents 

ttq {wA)h TTo {iTsi)h- 
Proof. We will show that the functor p. lip below is full and essentially surjective 
(3.11) w^\wA)h {iTA)h- 

This clearly implies the claim. 

The functor p. lip is essentially surjective on objects by the following argument. 
Let {A, a) be a symmetric space in w~^A. We can write a as a fraction a — 
a o s^^ with a : B ^ and s : B A ^ w weak equivalences in A. Let 
ip = Xs'^a + X^a^i]s : B ^ BK Then {B, ip) is a symmetric weak equivalence in A, 
and s : B A defines an isometry in TA between {B, ip) and (A, a). 

To finish, we show that the functor p. lip is full. Let {A, a) and {B,I3) be 
objects of {wA)h, and let [/s~-^] be an isometry in TA from {A, a) to {B,(3). In 
particular, / and s are weak equivalences in A. Using a calculus of fractions in 
TA, we can assume the fraction fs^^ with f : E ^ B and s : E ^ A, \s such that 
ao = s^as and ai = f^Pf are homotopic. Therefore, the difference uq — ai factors 
as E ^ I E'^ where I is w-acyclic. Then the pair {E © /, ip) with 

^-U\1)--E®I^E^(BI^ 
defines an object of {wA)h- The functor p. lip sends the map 

{A, a) A [E, ao) [E ® /, ^) {E, «i) A {B, /3) 

in w~^[wA)h to fs^^ in {iTA)h- D 

Definition 3.10 (Shifted dualities). Let /C = (/C,jj,n7, A) be a triangulated cat- 
egory with duality. The first shifted triangulated category with duality /C'^l = 
(/C,ttW,n7W,AW) has the same underlying triangulated category as /C and 

f^^Tl tijW = -Ajj o Tu, aW = -T(A). 

One checks that this defines indeed a triangulated category with duality in the 
sense of Definition 13.11 Similarly, we have a triangulated category with duality 



HERMITIAN /^-THEORY AND DERIVED EQUIVALENCES 31 

K\-n = (/C,tJ[-il,n7[-il,A[-il) defined by 

tJ[-il = tJT, tnl-il = (A«)-i o Tu, Al-il = -At. 

Iterating, we obtain triangulated categories with duality /C'"! for rt e Z where 
jQ[n] ^ (/c[»-il)[l] for n > 0, /CM = /C, and /C^ = (/C["+il for n < 0. For 
m,n e Z, there are natural isomorphisms (xl™!)!"! = /(;[™+"], Por instance 

K 1, A) : /C™ = (/C, tt, n7, A) ^ [K^-^^p = (/C, rftT, Atjt o {X^y^ o tu, TAt). 

A morphism p, (^3) : /Ci — )• /C2 of triangulated categories with duality induces 
another such morphism p, (^I-'^l) : K^^^ K.^^^ where (/jl^l = T{Lp) o pj. 

Definition 3.11. For a triangulated category with duality /C, one defines the shifted 
Witt and Grothendieck- Witt groups for n G Z by 

M/"(/C) = VK°(/C["1) and GVK"(/C) = GM^°(/C["1). 

Finally, we want to construct for rt G Z equivalences of triangulated categories 
with duality 7'(^'"') — (T^)'"'. It suffices to construct such equivalences for 
n = ±1. Consider the following (admissible) natural transformation in 

13 : A[B, E] [B, AE] : l3{a (g, f){b) ^ a (g, f{b). 

For A — T, E — 1 and £/ G dgCatWD it defines a natural transformation /3 : TfJ — !> 
ttr which ior A (g) X £ <S) A is 

I3(gl: T[A, t]g)X^ ^ [A, T] (g XK 

Similarly, the natural isomorphism in 

(j) : [EA, BD] ^ [E, B] [A, D] [A, [E, B]D] 

with E — T and B ~ D = \ defines a natural isomorphism of functors (/> : jJT — )■ 
ttr-i which for A (g) X G "^fc ® -4, is 

(j)g)l: [TA, 1] X* [A, [T, 1]] ® X^ 

where T'^ = [T, 1] fc[-l]. 

Lemma 3.12. Let sz^ be a pretriangulated dg category with weak equivalences and 
duality. Then (id, l,/3) and (id, 1,0) define equivalences of triangulated categories 
with duality 

(r.c/)W ^r(i/W) and (r.c/)[-ii ^ r(^["^i). 

Proof. The functors {id, 1) are equivalences of triangulated categories. So, the 
only thing to prove is commutativity of the two diagrams in Definition 13.41 Since 
all natural transformations involved are of the form ? (g) 1 it suffices to check the 
commutativity of the corresponding diagrams in '^k. 

For the first equivalence, the first diagram in Definition l3.4l is is the outer diagram 

in 

A ^ [[A, 1], 1] J T[T[A, 1], 1] 

[[A, T] , T] J\t[A, 1], T] 
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where the dashed arrow is the (admissible) natural transformation 

SB ■■ [B,E] ^ [TB,TE]:eB{m(Sb) = (-1)1*11^1^0/(6) 

with B — [A, 1] and E — t. Commutativity of this diagram can be checked directly, 
or by coherence. Similarly, commutativity of the second diagram in Definition 
for the first equivalence requires us to check commutativity in '^k of the diagram 

B[A, E] BT[TA, E] TB[TA, E] 



[A, BE] T[TA, BE]. 

with B = T and E = \. Since ct.t = —1, commutativity of the diagram follows 
from coherence, or by diagram chase. This proves the first equivalence of triangu- 
lated categories with duality in the lemma. The second is prove similarly, and we 
omit the details. □ 

Corollary 3.13. Let si/ be a pretriangulated dg category with weak equivalences 
and duality such that E A. Then for all n eIj there are natural isomorphisms 

GW^"1(^) 5^ GW^{T£^) and H/["l(^) = W{Ts^). 

□ 

Remark 3.14. Let (/C, jj, A) be a triangulated category with duality. Our defi- 
nition of the Witt and Grothendieck-Witt groups VF"(/C) and GM^"(/C) of /C agree 
with Balmer's and Walter's definitions in jBalOO] and jWal03b| . This is because 
for an inner product space in the category A/C of exact triangles as in Definition 
13.51 ([2]), the map {Tip^i)h : Z T{Z'^) is a symmetric map in the category with 
duality 

(/C,rtt,A„7Z7) = (/C,ttW,-tnW)~/C[-il 

which shows that the map from our definition to Balmer's definition is well-defined. 
Conversely, Balmer shows in [BalOO| that any (/C, TjJ, Aun7)-symmetric map Z — >■ 
T{Z^) is part of a symmetric space in A/C as in Definition 13.51 (pt (with Lp-i = id). 
This shows that the map from his definition to our definition is well-defined. Since 
both maps are the identity maps on generators, they are isomorphism. 



4. The multi-simplicial 7?., -construction 

From this section on, all dg categories will be pointed. The tensor product of 
pointed dg categories will be denoted by ®. Unpointed dg categories (with weak 
equivalences and duality) are considered as pointed dg categories via the symmetric 
monoidal functor i— > J2/+ that adds a base point. For instance, as a pointed dg 
category, a ring R has two objects, the usual ring R and a base point zero i?-module. 

4.1. Waldhausen's iterated 5,-construction. To fix notation and to motivate 
our definition of the Grothendieck-Witt spectrum below, we remind the reader of 
Waldhausen's definition of the JsT-theory of an exact category with weak equiva- 
lences |Wal85) and its explicit deloopings |Wal85| Proposition 1.5.3]. Recall that 
an exact category with weak equivalences is a pair ,w) where S is an exact cat- 
egory and li; is a set of morphisms in S called weak equivalences satisfying certain 
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properties; see for instance jSchlObi §2.2]. It is called pointed if it is equipped with 
a choice of zero object in S which we may call base point. 
For an integer n > 0, let [n] be the totally ordered set 

[n] = {0 < 1 < ... < n} 

of n + 1 elements. As usual, an ordered set is considered as a category with unique 
non-identity morphism a ^ b ii a < h. Let Ar[n] — Fun([l], [n]) be the category 
of arrows in [n]. For an integer n > and a pointed exact category with weak 
equivalences {S^w), Waldhausen constructs another pointed exact category with 
weak equivalences Sn<S as the full subcategory of Fun(Ar[rt], <§) of those functors 

A : Ar[n] S' : {p < q) Ap^q 

for which Ap,p — (the base point zero object of S") for all p G [n] and ^■ 
Ap^q -T- Ap^r Aq^r -t" is an admissible short exact sequence in whenever 
p < q < r € [n]. A sequence in SnS' is exact if it is exact at each (j>,q)-spot 
and a morphism in Sn'S' is a weak equivalence if it is a weak equivalence at each 
{p, g)-spot , p < qG [n]. 

Recall 'Wal85, p. 330 Definition] that the A'-theory space of {<S',w) is the loop 
space rjjwS'.fo'l of the topological realization of the simplicial category n i-t- wSnS' . 
The connective K -theory spectrum K{S'^w) of (S,w) is the spectrum 

{\w,Sl\wS,Sl...,\wS\r^Sl...} 

with bonding maps defined in |Wal85| p. 341] where i ^ S^''^ denotes the n-th 
iterate of the S'.-construction: 

(d — Oi . . . DiG> . 
n 

This is a positive fl-spectrum |Wal85[ Proposition 1.5.3 and Remark thereafter]. It 
was given the structure of a symmetric spectrum in |GH99j . 

4.2. The 7?.,-construction. Recall ISchlObi §2.3] that an exact category with weak 
equivalences and duality is a quadruple ((o,w,*,r]) with {(o^w) an exact cate- 
gory with weak equivalences and 77) a category with duality such that * : 
{S'°P,w) {S',w) is an exact functor (in particular, *{w) C w) and rj : id ^ is 
a natural weak equivalence. Note that if is an exact category with weak equiv- 
alences and duality, the category wS' of weak equivalences in ^ is a category with 
duality. 

For an integer n > 0, let n be the totally ordered set of 2n -I- 1 elements 

n = {n' < (n - 1)' < ■ • • < 0' < < • • • < n}. 

This is a category with unique (strict) duality n o n'. The assignment [n] 1— > n 
defines a simplicial category with strict duality where for 6 : [n] ^ [to] the induced 
map 9 : n ^ mis 9{i) = 6{i) and 9{i') = 9{i)' . Let Ar(n) = Fun([l],r?,) be the 
category of arrows in n. When n varies, this is a simplicial category with strict 
duality. 

For a pointed exact category with weak equivalences and duality S , the assign- 
ment 

[n] ^ Fun(Ar(n),(f) 
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is a pointed simplicial exact category with duality with base point the unique func- 
tor Ar(7T;) — 0. As in Section HTTl we write 

UnS C Fun(Ar(n),(f) 

for the full subcategory of those objects A : Ai{n) S for which Ai_i — (the 
base point zero object of <#"), and for which for all i < j < fc G n the sequence 
— >■ Ai^j — > Ai^k Aj^k — ^ is a admissible exact sequence in (o. A map or 
sequence in TZn'S' is a weak equivalence or admissible exact sequence if it is at each 
{p, g)-spot for all objects {p, q) of Ar(n). The duality on Fun(Ar(n), S") makes TZriS" 
into a pointed exact category with weak equivalences and duality. Varying n, we 
obtain a simplicial pointed exact category with weak equivalences and duality TZ^S' . 
The simplicial category Ti,tD is the edge-wise subdivision [SchlObl §2.4], |Wal851 
§1.9] of Waldhausen's ^.-construction and was denoted SIS' in [SchlObj . 

The inclusion l : [n] d n: i ^ i induces a functor of simplicial exact categories 
with weak equivalences TZ^S" — > S^S" : A n> Aol and thus a map {wTZtS')h wStS 
as the composition 

(4.1) {wn,S)n ''^'^^ wn.s wS.S. 



4.3. Homotopy pull-backs. Let f : X Z and g : Y Y he maps of topo- 
logical spaces. Then the homotopy pull-back of the diagram X ^ Z <— Y is the 
topological space 



h 

X X Y 
z 



{{x,a,y)eXxZ' xY\ fa{0)^ga{l) } 



equipped with the topology making it a subspace oi X x Z^ x Y where Y^ is the 
space of paths I ^ Z in Z and / is the unit interval [0, 1] C K. It is equipped with 

h h 

the two projections maps px '■ X x Y ^ X : (x,a,y) i-^ x and py ■ X x Y ^ 

z z 
Y : (x, a,y) ^ y making the square 



X X Y 
z 



Px 



py 



Y 



X 



Y 



commute up to (a preferred) homotopy. 

The homotopy pull-back is associative in the sense that for a diagram X — > Z <— 
y — > ?7 we have 

h h h h 

(X X Y) X V = X X (Fx V) 
z u z u 



If 5 : F = pt ^ Z is the inclusion of the base point of Z then X x pt is the 

z 

homotopy fibre of / : A" — > Z. If / : A = pt ^> Z and g : F = pt — > Z are the base 

h 

point inclusions then pt x pt is the loop space ^lZ of Z. 
z 
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4.4. The Grothendieck-Witt space. The Grothendieck- Witt space of a pointed 
exact category with weak equivalences and duality (a was defined in jSchlOb[ §2.7 
Definition 3] as the homotopy fibre of the topological realization of the map (|4.1I) , 
that is, it is the homotopy fibre product 

(4.2) |(^«7^.^),,| X pt. 

\wS.S\ 

For i > 0, we write GWi{S') for the i-th homotopy group of the pointed topological 
space 

Inclusion of degree zero simplices defines a map {'wS')^ — {wTZQ<f>)h — > {wTZ,S')h 
of simplicial categories such that the composition 

(4.3) {wS)h -> {wn,S)h wS,<g 

is trivial (because wSqS' — pt is the one-object one-morphism category). This 
induces a canonical map from Ktufo")/!! to the Grothendieck-Witt space (|4.2I) of 
which should be thought of as some kind of a group completion map (it really is 
a group completion if i^" is a split exact category over Z[i] with weak equivalences 
the set of isomorphisms; see Appendix El) . 

4.5. The multi-simplicial 7?.,-construction. For a pointed exact category with 
weak equivalences and duality S"^ we write TZ^^l^S' for the n-th iterate of the 7?,,- 
construction. This is the n-simplicial pointed exact category with weak equivalences 
and duality 

which is the full pointed exact subcategory with weak equivalences and duality of 

Fun(Ar(fci) x Ar(fc2) x • ■ • x ki{ha), S) 

consisting of those functors A : Ar(fci) x Ar(fc2) x ■ ■ • x Ar(fc2_) — > S for which for 
all r, s = 1, n and all ir ^ jr & kr, r ^ s, the functor 

is an object of Tikes'. Weak equivalences and admissible exact sequences are those 
maps and sequences of diagrams which are weak equivalences and admissible exact 
sequences when evaluated at every object of Ar(fci) x ••• x Ar(fc„). We denote 

(n) 

by T^i f? the diagonal of the multi-simplicial pointed exact category with weak 
equivalences and duality 1Z''J!'1,S'. 

If we replace S" with TZ'^^^S' in the sequence ()4.3p we obtain the sequence of 
pointed topological spaces 

(4.4) |(w;7^i"V);,| |(«;7^.7^1"V);,| |u;^.7^i"V| 
with trivial composition. 

Proposition 4.1. Let S' be a pointed exact category with weak equivalences and 
duality. Then for all n > I, the sequence ll4-4\ ) of pointed topological spaces is a 
homotopy fibration. 

Proof. We will use the fact that a sequence of pointed simplicial spaces which is 
degree- wise a homotopy fibration with connected base induces a homotopy fibration 
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after topological realization |Wal78[ Lemma 5.2]. By |SclilOb[ §3 Remark 7], for 
every integer q > 0, the sequence 

|(w;7ei"V);,| |(^i;7^,7^i"V)^| |u;5,7^i"V| 

is a homotopy fibration when n — 1. In particular, for all integers p > and n > 1, 
the sequence 

|(u;7^.7^(,"-lV);,| \(wTZgTZ,n'^-'^<ff)h\ |«;5g7^.7^(,"-l)^| 

is a homotopy fibration. Since the base of that fibration is connected as it is 
homotopy equivalent to the connected space \wSqS,TZ^~'''^ £"1 {cf. [SchlObi §2.4 
Lemma 1]), the realization of the sequence in the p-direction (which is the first 
sequence above) is a homotopy fibration. By the same argument, realizing the first 
sequence in the q-direction yields the homotopy fibration (|4.4p . □ 

Composing the second map in (j4.4p with the homotopy equivalence 
|^i;5.7^i"V| 4 -.A^Al 
of [SchlObi §2.4 Lemma 1], we obtain the following. 

Corollary 4.2. Let S" be a pointed exact category with weak equivalences and du- 
ality. Then for every integer n>\, the sequence 

is a homotopy fibration of pointed topological spaces. □ 

4.6. The 72.i"''-construction for dg categories. Let = {A,w,'i,'cu) be a 
pointed pretriangulated (or just exact) dg category with weak equivalences and 
duality. Then the quadruple Z'^s/ = {Z'^A,w,\jt,w) is a pointed exact category 
with weak equivalences and duality, and therefore, the constructions and results 
above apply to Z°^. But it will be useful to stay within the category of dg cat- 
egories. So, we will make T?.,!"'^ into a dg category with weak equivalences and 
duality for A G dgCatWD^ even when A is not exact. 

For a pointed dg category with duality A, the assignment 

[n] i-> Fun(Ar(n),^) 

is a pointed simplicial dg-category with duality with base point the unique functor 
Ar(ri) — >• 0. We write 

TZnA C Fun(Ar(n),^) 

for the fuU dg subcategory of those objects A : Ai{n) — > A for which Ai,i = 0, and 
for which for all z < j < /c G n the sequence Aij Ai^k — >■ Aj^k ^ is exact. 
Recall that exact sequences in a dg category are defined even if the dg category 
itself is not exact. The duality on Fun(Ar(n),^) makes TZnA into a dg-category 
with duality. Varying n, we obtain a pointed simplicial dg category with duality 
7i,A. For a pointed dg category with weak equivalences and duality £/ = {A, w), 
we obtain a pointed simplicial dg category with weak equivalences and duality 

n ^ TZnSi — {TZnA,w). 

corresponding the the (saturation of the) localization pair {TZnAjTZnA"^). 
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To define the iterated 7?., -construction for dg categories, write TZ,^..,A for the 
n-simphcial dg-category with duality which in degree (fci,...,fc„) is the full dg- 
subcategory 

^fe"!...,A;„'4 C Fun(Ar(fci) x Ar(fc2) x • • • x AT{ka),A) 

of those dg-functors A : Ar(fci) x Ar(fc2) x • • • x Ar(fc„) — > A for which for aU 
r, s = 1, n and all ir < jr G ^V- r ^ the dg functor 

Js-l), = + ! + ■ Ar(fcs) — A 

is an object of TZk^A. We denote by 7^1" ■'^ the diagonal of the multi-simplicial 
dg category with duality TZi^!}.,A. If = {A,w) is a dg category with weak 
equivalences and duality then so is 

given by the (saturation of the) localization pair 

Remark 4.3. For an exact dg category with weak equivalences and duality {A, w, jj, w), 
we have equalities of categories with duality 

(4.5) u;7^i"U = wZ°Tzi"U = wUi^'h^A. 

This lets us apply the results obtained for exact categories with weak equivalences 
and duality to exact dg categories with weak equivalences and duality. Note, how- 
ever, that in general, the exact category Z^TZ'^^^^'A has fewer exact sequences as the 
exact category TZ^^'' Z^A, and so, TZklZiA ^ Tl^kl'^ even when A is exact, and thus, 
for dg categories, Tii"'^A is not the iterate of TZ,A. 

Using equality (|4.5p . we obtain from Corollarv 14.21 the following. 

Proposition 4.4. Let be a pointed exact dg category with weak equivalences and 
duality. Then for every integer n > 1, the sequence 

\{wni'''>.s/)h\ |(u;7ei'+"V)^| 

is a homotopy fibration of pointed topological spaces. □ 

Remark 4.5. Recall (Section 14. 4p that the Grothendieck-Witt space of an exact 
dg category with weak equivalences and duality is the homotopy fibre of the second 
map in Proposition 14.41 when n = 0. Proposition l4. 41 therefore lets us deduce results 
for the functors {wTZ^J^^)h from the knowledge of similar results for the functors 

in] 

wS» , that is for iiT-theory, and for the Grothendieck-Witt space functor. For 
example, an exact dg form functor sii ^ SS between pretriangulated dg categories 
with weak equivalences and duality which induces isomorphisms of if-groups and 
GWi-groups for i > induces homotopy equivalences |(?i;7?.i"''^);j| — J> \(vfR}^^ SS)-h\ 
for all n > 0. In the sequel, we will frequently apply this argument. 

Corollary 4.6. Let be a pointed pretriangulated dg category with weak equiva- 
lences and duality. Then for every integer n > 1, the map 

7r,l(u;7ei"V)„| — > ^,|(«;7ei"+^V);,l 
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is an isomorphism for < i < n and a surjection for i — n. In particular, 
for every n > \, the (composite) map '!TQ\{w£/)h\ — > 7ro|(w7^i"^^)/i| induces an 
isomorphism 

VFoK) ^7ro|(«;7el"V),,|. 

Proof. The first statement follows from Propositfon 14.41 together with the fact that 
7ri|u'S'i"^j2/| = for < « < n. For the second statement, recall that the dg functor 
A A^^'' is an equivalence for A pretriangulated. Therefore, 

where the last isomorphism is [SchlObi §3 Remark 5] . □ 

Proposition 4.7. Let (^, uj, V,can) be a pointed pretriangulated dg category with 
weak equivalences and duality. Let d C .4 ~ .Ap'"^ be a larger set of weak equivalences 
such that {A^ u, V, can) is also a pretriangulated dg category with weak equivalences 
and duality. Then for n > 1 the functor |(u'7?.i"'' )h\ applied to the commutative 
square of pointed pretriangulated dg categories with weak equivalences and duality 

^{A,w) 



{A",v) ^{A,v) 

yields a homotopy cartesian square of pointed topological spaces with contractible 
lower left corner. 

Proof. Since A is pretriangulated, the map is an equivalence of dg 

categories with duality. Therefore, the statement of the proposition holds for A if 
and only if it holds for ^^^A. We will prove the proposition for the latter category. 

The pretriangulated dg category with duality '^j^^A has a symmetric cone in the 
sense of |SchlOb| §4 Definition 4] given by the functors E ^ PE = [C, and 
E CE, the natural admissible epimorphism [i, I]: PE = [C, 1]^; [1, t\E ^ E, 
the natural admissible monomorphism i : E ^ CE, and the natural map P{E'^) 
{CEY which for E ^ AX with A G and X e is given by 

can«)lxv : [C,t][A,t]X'^ [CA,t]X^ 

where can : [C, 1] -> [CA, 1] is the map (|1.7p . Therefore, the square in the 
proposition induces homotopy cartesian squares of iiT-theory and Grothendieck- 
Witt spaces with contractible lower left corner, by |Wal851 Theorem 1.6.4] and 
[SchlObl §4 Theorem 6]. By Proposition 14. 4[ we are done. □ 

In the proof of the space-level version (Proposition 14. 9p of the algebraic Bott 
sequence (Theorem 16. ip . we will need the following lemma. 

Lemma 4.8. Let (F, (p) : .s/ 3§ be a morphism of pointed pretriangulated dg 
categories with weak equivalences and duality. Suppose that ^ € ^ and that 
there are an exact pointed dg functor G : Si (no compatibility with dualities 

required) and zig-zags of natural weak equivalences of pointed exact dg functors 
between EG and idag and between GF and id^ . Then for n > 1, the form functor 
{F, ip) induces homotopy equivalences of pointed spaces 

|(rfV)^| ^ |(u;7^i")^)^|. 
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Proof. Since the lemma also holds for X-theory (same proof as below), it suf- 
fices to show that ^ induces a homotopy equivalence of Grothendieck-Witt 
spaces, by Proposition 14.41 The hypothesis of the lemma imply that the functor 
F : dgFun^(^, jz/) — J> dgFun, (^, ^) : H ^ F o H induces an equivalence of trian- 
gulated categories w~^H'^ dgFun^(^, £/) — > w^^H^ dgFun^(^, S§) with inverse G. 
By Lemma 13.91 {F, ip) induces an isomorphism of abelian monoids 

TTo (u;dgFun,(^, 4 ttq (u; dgFun,(^, ^)),,. 

So, there is an object {H,ijj) e (w dgFun^(i^, which under this isomorphism 

goes to idag e [w dgFun^ S§))h- This means that there is a zigzag of natural weak 
equivalences between (F, ip)o[H, ip) and id® compatible with forms. By ISchlObj §2 
Lemma 2] , the dg form functors {F, ip) o (iJ, ip) and id.® induce homotopic maps on 
Grothendieck-Witt spaces. In particular, {F, ip) is surjective, and (H, is injective 
on higher Grothendieck-Witt groups GWi, i > 0. 

By construction of H and the existence of G, there are zig-zags of weak equiv- 
alences of dg form functors between HF and id^^ and between FH and idag. By 
the argument above (with {H,ip) in place of {F,(p)), we see that {H,ip) is also 
surjective and hence bijective on higher Grothendieck-Witt groups. From the pre- 
vious paragraph it follows that {F, ip) induces isomorphisms GWi GWi , 
i>0. □ 

The following proposition is a space-level version of the homotopy fibration in 
Theorem l6.1l below. Together with Corollary 14. 11 1 it implies Karoubi's Fundamental 
Theorem |Kar80| . 

Let he a, pointed pretriangulated dg category with weak equivalences and 
duality. The unique map [1] — > [0] induces a duality preserving exact dg functor 
I : ^ Fun([l], £/) : At-^ 1a whose composition with the cone functor has image 
in the full dg subcategory (^[^1)'" C ^'^1 of acyclic objects. More precisely, in the 
notation of Section 12.11 the following diagram commutes 

1 ® ^ -^^^-^ Fun([l], S2^^% ® A^C^[il)o ® ^ C^W)" «> ^ 

I 

Fun([l],^) J-JZL^ Fun([l], S-a^/W) 7W(£/W) ^ 

where Fun([l], 52'^'^l)o C Fun([l], 52*^^'^') is the full dg subcategory of those mor- 
phisms f : A'^ Al of exact sequences A* where / is an isomorphism and 
the middle terms A\ of the exact sequences A^ are contractible. Furthermore, 

A^('^[^l)o C 7W('^[^1) is the full dg subcategory of those sequences A<i^AlA Al 
of exact sequences A^ where / and g are isomorphisms and the middle terms A\ 
of the exact sequences Al are contractible. Since (^W)'"(g)^ C (^W)™, the com- 
position Coneo/ has image in (^[^1)"'. In particular, the square in the following 
proposition commutes. 

Proposition 4.9. Let be a pointed pretriangulated dg category with weak equiv- 
alences and duality. Assume that i G £/ . Then for n > 1 the functor |(w7?.i"^ )h\ 
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applied to the commutative square of exact dg form functors 
(□^) ^ ^Fun([l],^) 



Cone I ^ 



Cone 



(^[i])"- c ^^[1] 

yields a homotopy cartesian square of pointed topological spaces with contractible 
lower left corner. In particular, for n > 1 we obtain a homotopy fibration of pointed 
spaces 

|(u;7^1"V)„| ^ |(u;7^i")Fun([l],=c/))„| ^ |(^«7^i"V[ll)^|. 

Proof. Let w C Z'^A be the set of weak equivalences in jz/, and let v d Fun([l], ^) 
be the set of morphisms / in Fun([l],^) for which Cone(/) is a weak equivalence 
in £^ . By ProDOsition l4.7[ the diagram 

(Fun([l],^r,u;) (Fun([l], 



(Fun([l],^)^^;) (Fun([l], I-) 

induces a homotopy cartesian square of |(w7?.l"^ spaces with contractible lower 
left corner. The functor A — > Fun([l],^) factors through the full subcategory 
Fun([l],y^)" C Fun([l],^) of u-acyclic objects. By |SchlOb| §2 Lemma 2], the 
induced form functor {G,id) : {A,w) (Fun([l], ^)^, yields an equivalence of 
Grothendieck-Witt spaces. More precisely, the form functor 

(F, ^) : (Fun([l], ^)'' A : {f : Ao ^ A,) ^ Ao 

with duality compatibility map tpf = f* defines an inverse up to homotopy of (G, id) 
in view of the identity (F, ip) o (G, id) = id and the natural weak equivalences 
of form functors {G,id) o {F,ip) id given by (Iaq,/) for {f : Aq ^ Ai) G 
Fun([l] , A). Similarly, (G, id) induces an equivalence of ii'-theory spaces, and hence 
spaces in view of Proposition 14.41 
Finally, the dg form functor {F,ip) = Cone : (Fun([l], ^, w) — {A^^\w) in- 
duces an equivalence of KwT?.!"^ )h\ spaces by Lemma where G : {A,w) — > 
(Fun([l],yt),w) sends X to the object ^ X of Fun([l],y^). We have FG idA 
and a zigzag of natural weak equivalences id ^ H ■(r- GF where H sends an 
object f : X ^ Y oi Fun([l],^) to the object Gone{idx) — >■ Cone(/), and the 
natural weak equivalences are given by the natural maps from f : X ^ Y to 
Cone(idx) Cone(/) and from — >■ Cone(/) to Cone(ic?x) — > Cone(/). □ 

4.7. Hyperbolic and forgetful functors. Next, we want to identify the Grothen- 
dieck-Witt space of the upper right corner in the square of Proposition 2^ with the 
ii'-theory space of £/. 

For a dg category with weak equivalences £/ (no duality given), the hyperbolic 
dg category with weak equivalences and duality is the dg category with weak equiv- 
alences 

= X £/°P 

equipped with the strict duality {A, B)* = {B, A). Even if £/ comes equipped with 
a duality, the duality on TLsi/ does not dependent on it. 
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Let — w,*,can) be a dg-category with weak equivalences and duality. 
The forgetful dg form functor F : ^ T-Lsi/ sends an object A oi to the 
object (A, A*), a map / to {f,f*)- It is equipped with the duality compatibility 
morphism (l,can) : {A*, A**) {A*, A). If £/ has direct sums, e.g., when £/ 
is pretriangulated, then we have the hyperbolic dg form functor T-is/ — > which 
sends an object (A, B) to A®B* and a map (/, g) to the map f ®g* . It is equipped 
with the duality compatibility morphism {^^^\) : B ® A* ^ A* ® B** . 

We also have an exact dg form functor 

(4.6) (F, if) : Fun([l], i/) Hs^ : (f : An ^ Ai) ^ (Ao, A*) 
with duality compatibility map (l,can) : F{f*) F{f)*. 

Lemma 4.10. Let £/ be a pointed pretriangulated dg category with weak equiv- 
alences and duality. Then for any integer n > 1, the functor ^.6^ induces a 
homotopy equivalence of pointed topological spaces 

|(«;7ei")Fun([l],=c/))^| ^ |(u;7^i")H=c/);,|. 

Proof. Since the lemma holds for iiT-theory (same proof as below), we are reduced 
to showing that (|4.6p induces a homotopy equivalence on Grothendieck-Witt spaces, 
in view of Proposition 14.41 It will be convenient to equip Z° Fun([l], jz/) with the 
exact structure where a sequence of functors [1] £/ is exact if it is exact in 
when evaluated at G [1] and 1 € [1]. The identity functor on Z° Fun([l], jz/) from 
the dg exact structure to this new exact structure induces a homotopy equivalence 
on Grothendieck-Witt spaces, by [SchlObi §5.1 Lemma 7]. 

The inverse of ()4.6jl on Grothendieck-Witt spaces is given by the form functor 

(4.7) (G,V) : ^ Fun([l],^) : {Ao , Ai) ^ {0 : Ao ^ Al) 

with duality compatibility map (can^j,!^!*) : G{Ai,Ao) — > G{Ao, Ai)* . This is 
because (l,can) : id-ua/ {Pif) ° (Gyip) is a natural weak equivalence of form 
functors, and (G, ijj) o [F, ip) is naturally weakly equivalent to the duality preserving 
functor (/ : ^0 ^i) (0 : ^0 ^ ^i) which induces, up to homotopy, the same 
map on Grothendieck-Witt spaces as the identity functor, by Additivity [SchlObj 
§3 Theorem 5], in view of the natural short exact sequence in Fun([l], £/) 

(0 ^ Ai) ^ (/ : Ao ^ Ai) ^ {Ao 0). 

□ 

Consider the sequence of functors 

in which the non-labelled map is the functor Fun([l],£/) — > Fun([0],i/) = £/ 
induced by the inclusion [0] — > [1] : ^ 0. 

Corollary 4.11. For every pointed pretriangulated dg category with weak equiva- 
lences and duality £/ and every integer n > 1, the composition of the maps in ^.8^ 
induces a homotopy equivalence of pointed spaces 

|(«;7ei")Fun([l],^/))^| ^ 
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Proof. The composition in (|4.8|) factors as 

(wTei"^ Fun([l],^)),, {wTZi''^nJ^)h = {HwU'^:''' J^)h ^ u;7^i"V ^ 

in which the first map induces a homotopy equivalence by Lemma 14.101 the second 
map, by [SchlObi §2 Lemma 3], and the third map, by |SchlOb[ §2 Lemma 1]. □ 

5. Products and the Grothendieck-Witt spectrum 

From now on, we will work over a commutative base ring k with G k. The 
purpose of this section is to construct the Grothendieck-Witt spectrum functor. 
This is a symmetric monoidal functor 

GW : dgCatWD,, Sp, A 

from the category of small (pointed) dg categories with weak equivalences and dual- 
ity to the category of symmetric spectra of topological spaces. For £/ G dgCatWD^, 
the n-th space of the spectrum GW{s!/) will be the pointed topological space 

(5.1) GWi£/)n = I ^ (w7e|"V("))^ 

where jz/*^"^ denotes the dg category with weak equivalences and duality 

^{n) =Z"(C^W)®"(8)J^). 

When n > 1 , this category is equivalent to the pretriangulated hull of equipped 
with the n-th shifted duality; cf. Remark 11.41 and Definitions 11.71 and 11.161 When 
n = 0, then it is simply itself. The bonding maps of the spectrum will be 
defined in (j5.8l) below. We will show in Theorem 15.51 and Proposition 15.61 that the 
spectrum GW{.s/) is a positive i7-spectrum with associated infinite loop space the 
Grothendieck-Witt space as defined in [SchlObj of the pretriangulated hull of jz/. Its 
negative homotopy groups are Balmer's Witt groups of the triangulated category 
of £/, by Proposition 16.31 and Corollarv l3.13l 

5.1. The Grothendieck-Witt functor as a symmetric sequence. Consider 
the following symmetric monoidal functors. 

(a) dgCatWD, x dgCatWD, dgCatWD, : s/) ^ m (E) £/ 
with monoidal compatibility map the duality preserving exact dg functor 

(^l«)M)«'(^2«'^2) '"'^'"^ (^1«)^2)«)(M«)^2) 

and unit map /i^^ : fc — k(^k where r : £/i^£§2 — ^ is the switch 

isomorphism and /i : k(g)k — > fc is the multiplication isomorphism k(S)k — > k. 

(b) poSetDgtj. X dgCatD, -> dgCatD, 
introduced in [TT^ (ITTTT|) . 

(c) (CatD,t^)°P X dgCatWD, — > dgCatWD^ : {D, £/) ^ Fnn{D, £/) 
with monoidal compatibility map the duality preserving exact dg functor 

$ : Fun(Pi,^i)(g)Fun(2?2,-t^2) Fun(2?i x V2, £/i(E>£/2) 

and unit map id : k Fun(pt,fc) — k where ^{A, B)di,D2 ~ (j^Dj,^!)^) 
and ^if <S) g)DuD2 = foi ® gn^- 
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Composition of symmetric monoidal functors thus yields the symmetric monoidal 
functor 

(CatD^t^)°P X poSetD.t^ x dgCatWD, x dgCatWD, 
ixix^a) i^Q^^j^^^^yp ^ poSetD^t^ X dgCatWD, 

(CatD,t^)°P X dgCatWD, 
dgCatWD, . 

Remark 5.1. Let U, V and W be symmetric monoidal categories, and assume 
that W has finite coproducts commuting with the monoidal tensor product. So, the 
category of symmetric sequences in W is endowed with a symmetric monoidal 
product; see Appendix IB. 121 IfF:Z//xV— J^Wisa symmetric monoidal functor 
with monoidal compatibility map $ : F{Ui,Vi) (g> F{U2, V2) F{Ui ® U2, V\ ® V2) 
and unit 1 — > 1), then any object \J oilA defines a symmetric monoidal functor 

F[7 : V — - Y ^ {n^ F{U®'\ Y)] 

where E„ acts on f/®" by permuting the tensor factors. The monoidal compatibility 
map is the map induced by the S„ x Em-equivariant map 

$ : F(C/^", vx) ® F{U'^"', V2) — ^ i^(;7®" (g) iJ®", Cg) V2), 

and the unit is the map $ : 1 1) = F({7®°, 1). 



We apply Remark 15.11 to the symmetric monoidal functor (|5.2p and the object 
U = (Ar(i),Z,'^[il) of (CatDst^)°P x poSetD^^, x dgCatWD^ and obtain the sym- 
metric monoidal functor 

dgCatWD, dgCatWDf : ^ {n Fun (Ar(i)", } 

varying simplicially with i G A. If we restrict to the full dg subcategory 7?.|"'' we 
obtain the symmetric monoidal functor 

dgCatWD, ^ dgCatWD^ ; ^ |n 7e|"^Z"(C^[il)®"i/)} 

which varies simplicially with i G A. Composing with the symmetric monoidal 
functor 

A°PdgCatWD, Top, : £/, ^ \i ^ 
we obtain a symmetric monoidal functor 

GW : dgCatWD, ^ TopJ^ : £/ ^ {n ^ GW{£/)„} 
with GW{£/)n as in (15. ip . Thus, we have defined Sm x S„-equivariant maps 

U : GW{.s/)m A GW{^)n — > GW{£/(g>^)^+n 

functorial in G dgCatWD, and a unit map (5°, pt, pt, . . . ) GW{k) making 

the usual associativity and unit diagrams commute. 
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5.2. The bonding maps in the Grothendieck-Witt spectrum. Let ^ be a 

pointed dg category with weak equivalences and duality. Write for the dg 

category with weak equivalences and duality 

The inclusions (^[i])®" c "^M^CTlil)®" : E ^ 1 E and Z'' (Z 2^+" : n n-j. 
(0, n) define duality preserving inclusions jz/^"' — )■ which are equivalences of 

pretriangulated dg categories with weak equivalences and duality for n > 1, and 
for n = it is the inclusion of into its pretriangulated hull. 
For n > 0, consider the composite functor 

Fun ([1], ^(0'")) <r[iW(o^") ^ 

where the second functor is the equivalence 

with ^ — For n > 0, consider the commutative diagram 

(5.3) 

(«;7^i" ^ pt 



(M;7^1'+"V("'"))^C (u.7^il+"' Fun([l],^("'")))^ 

Cone 



Proposition 5.2. Let be a pointed dg category with weak equivalences and du- 
ality such that € . Then, in diagram ( 15.31) . the lower square is homotopy 
cartesian with contractible lower left corner for n > 0, and the upper square is 
homotopy cartesian for n > 1. 

Proof. For n > 1, the upper square is homotopy cartesian, in view of Proposition 
14.41 and the equivalence — j> The lower square is homotopy cartesian, 

by Proposition 14.91 □ 

It follows that the sequence 

defines a positive fi-spectrum whenever ^ e £/. To give a functorial and explicit 
definition of the bonding maps of that spectrum, we introduce the following notation 
which will only be used in this section. For n > 0, let 

Ki^)i+n = |(u;7^i'+")Fun([l],^(o^")))„| 
GVF(j/)5"+„ = |(u;7ei'+"^K(i+"))"'),,| 
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In this notation, diagram (|5.3p becomes the commutative diagram 
(5.4) 




Let GW{£/)n be the homotopy hmit of the lower row, that is, 

GW>K)„ = GM^(^)5"+„ X K{A)i+n X pt. 



For n > 0, diagram (|5.4I) defines a map 

(5.5) GW{s^)n GW{£^)n. 
Furthermore, base-point inclusions (which are homotopy equivalences) 

~ h 

pt GW{£/)i_^_„ and pt K{A)i+n _ x pt 

define a map 

(5.6) nGW{A)i+n = pt x pt — y GW(^)„. 

GW{A)i + „ 

Proposition 5.3. Let £/ be a pointed dg category with weak equivalences and du- 
ality such that i G Then the map \5. 5)) is an equivalence for all n > 1, and the 
map i5. 6]) is an equivalence for all n > 0. 

Proof. This is a restatement of Proposition l5.2l □ 

Recall that k denotes our base ring (assumed to satisfy ^ G /c) which the reader 
may take to be Z[l/2]. The inner product space k®k^k: x®y^xy defines 
an object (1) of the hermitian category (wk)h, and thus a pointed map (1) : — 
\{wk)h\ = GW{k)o sending the non-base point of S*" to that object. It follows 
from Proposition 15.31 that there is a pointed map e : S-^ GW{k)i whose adjoint 
ad(e) : S*" nGW{k)i makes the following diagram commutative up to homotopy 

(5.7) 5° ^17GVF(fc)i 



(1) 



GW{k)o-=^GWik)o. 
We fix once and for all such a map e. 

Definition 5.4. For £/ e dgCatWD^, we define the Grothendieck- Witt spectrum 
GW{£/) of as the symmetric sequence 

GW{£/) = {GW{^)o, GW{£/)i,GW{.s^)2, ■■■}, 

where the space GW{jz/)n is the I]„ space (|5.ip . The I]„ x S,„-equivariant bonding 
maps of the spectrum are the maps 

(5.8) e„ : {S^ A GW{j^U (GW^(fc)i)^" A GW{j^U ^ GW{j^)n+m. 
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Cup product (Section IS.ip makes the spectrum GW{k) into a commutative sym- 
metric ring spectrum, and GW(£/) into a module spectrum over GW(k). 

Theorem 5.5. Let be a dg category with weak equivalences and duality such 
that ^ e £/ . Then for all m > 1, n > 0, the adjoint of the map S5.8]) is a homotopy 
equivalence of pointed topological spaces 

ad(e„) : GWis^U r!"GM^K)„+™. 

In other words, the spectrum GW{£/) is a positive VL-spectrum. 

Proof. For m > 1, consider the diagram 

ad(e)Al 



5" A GW{s^) 



GW{£/)r 




GW{k)Q ^GW{s!/)r 



■ GW{s^)r 



nGW{k)i ^GW 



VlGW{^) 



m+1 



in which the upper square (the one containing the bent arrow) is (|5.7|) smashed 
with GW{£/)n and thus commutes up to homotopy, the lower zigzag are the maps 
(|5.5p and ()5.6|) . and the vertical arrows are cup-product maps. In particular, the 
two lower squares commute. Since, by Proposition [531 the lower two maps labelled 
"~" are equivalences, the composition of upper horizontal (bent) arrow and right 
vertical arrow is also an equivalence. But this composition is the map ad(ei) in the 
proposition. In particular, it is an equivalence. Iterating, we obtain equivalences 
ad(e„). □ 

Proposition 5.6. Let be a dg category with weak equivalences and duality such 
that i e Then the inclusion £/ — >■ jz/p'"' induces a stable equivalence 

GWi^/) GWi£/P''), 

and the infinite loop space ^°^GW{£/) of the spectrum GW{s^) is naturally equiv- 
alent to the Grothendieck- Witt space as defined in ^SchlObj of the exact category 
with weak equivalences and duality Z'^ (si'^^'^) . In particular, the map (wjz/p''^)/! = 
G'W^(i/P*'')o — GW{£/P*''^) induces an isomorphism 

GWo{£/) ^ GW(>{£^P^') 7roGM^(^P*') = ttqGW{s/). 

Proof. For all > 1, the inclusion — > jz/p''' induces equivalences of dg categories 
with weak equivalences and duality — > (^p'' )("). If follows that GW{£/)n 
GW{£/^^'^)n is a homotopy equivalence for n > 1. This implies that GW{£/) 
GVF(.2/P*'') is a stable equivalence. 

By Theorem 15.51 the spectrum GW{£/) is a positive il-spectrum. This implies 
that 

n°°GW{£/) ~ nGW{£/)i 

which is equivalent to GW{£/)q, by Proposition (531 The Grothendieck- Witt space 
of jz/P*'' was defined in |SchlOb| as 



K( 



pt. 
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that is, if we replace the upper left corner of diagram ()5.3p with this Grothendicck- 
Witt space when n = 0, then the upper square of that diagram becomes homotopy 
cartesian. Since the lower square of that diagram is homotopy cartesian, by Propo- 
sition [521 the natural map from the Grothendieck-Witt space to GW{£/)o is an 
equivalence. The last statement follows from ISchlObl §3 Proposition 3]. □ 

5.3. Extended Functoriality. As a symmetric monoidal functor between closed 
symmetric monoidal categories, the Grothendieck-Witt spectrum functor comes 
equipped with a natural map of spectra 

GW (dgFun,(£/, Sp {GW{£/),GW{3g)) 

compatible with the internal composition on both sides. The map above is the 
adjoint of the map 

GW (dgFun,(£/,^)) AGWK) GW (dgFun,(j^, GW{.^). 

It follows that two exact dg form functors {Fi,ipi) : i — 1,2, which give 

rise to the same element in GWq dgFun^(^, ^) induce homotopic maps GW{£/) — ?• 
GW{.^) of Grothendieck-Witt spectra and the same map GWi{£/) -5- GWi{S^) on 
higher Grothendieck Witt groups. This happens, for instance, when there is a 
natural isomorphism of dg form functors {Fi, ipi) = {F2, 1^2 )■ 

Definition 5.7. Let jz/ be a pointed dg category with weak equivalences and 
duality such that ^ S . Recall from Section 11.91 the dg categories with weak 
equivalences and duality ^["1 — "^^["W. For 71 e Z, we define the n-th shifted 
Grothendieck- Witt spectrum of ^ as 

and we denote by 

its z-th stable homotopy groups. From Proposition 15.61 we infer that when i — Q 
and n G Z. this group is the Grothendieck-Witt group GW(|"' {■^) from Definition 

Oil 

5.4. Products. We extend products to the shifted Grothendieck-Witt spectrum 
functors GW^1"1. For G dgCatWDj, the following exact dg form functor 

induces upon application of the symmetric monoidal functor GW an associative 
product map of spectra 

U : GW^t"l(^) A GW^[™l(i^) ^ Giy"+™(i/ ® SS) 

where t : ^(8)^["1 ^ "^["W is the switch map and /i„,™ : ^["I^-^H ^ is 
the map -r*^!"! ® ^^W^fcH from Section Hill with A = k{n\ and B = k{m\ 

followed by the map _^ c£k\n+m\ j^duced by the multiphcation map 

k\n\ ®k\m\ = k[n + m]. For symmetric spectra X, Y, there is a natural pairing map 

TTiX (g) TTj-y ^ TTi+j {X AY) : a ® 6 a A 6. 
The cup-product of spectra above thus yields the (associative) pairing 
U : Gwf V) ® GVK]"'1(^) ^ Gwi"+'"l(j/ ® ^). 
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Proposition 5.8. Let £/ e dgCatWDj.. Given elements a G Gwl^\k) and b £ 
GWj'"l(^), then m 0^]"+™! (i/) we have 

aUb^ {-ly^ (-l)""U6Ua 

where (—1) G GWQ{k) is the inner product space x,y ^ —xy over k. 

Proof. For any symmetric spectra X, Y , the following diagram commutes up mul- 
tiplication by (—1)*-' 



1 TTiX 



■n,+j{XhY) 



■^,+,{Y ^x). 



We apply this with X = GVl^I"! (fc) and Y = GW^"^^ (jz/). By virtue of the symmetric 
monoidal functor GW, the diagram of spectra 



commutes. Finally, consider the following diagram in dgCatWD^ 

(g. "^Mj/ — ^ (<^["1 (g) '^[H)^tl:Zl^V["+™W 

g)l (-l)""®! 

in which the left hand diagram commutes, by coherence in a symmetric monoidal 
category, and the right hand diagram commutes up to natural isomorphism of dg 
form functors, by Lemma [1.141 On application of the functor GWi, this diagram 
becomes commutative, and the right vertical map is cup-product with the central 
element (-1)™" e GWoik). □ 

Remark 5.9. Let G GW^'^^k) and ^' e GW^'~"^\k) be the Grothendieck-Witt 
classes represented by the symmetric spaces A:[2] g) fc[2] ^ fc[4] : x,y i—^ xy and 
k[-2] (g k[-2] fc[-4] : x,y ^ xy. Then {1) ^ n U ^ ^i' U E GW^"\k). 
Therefore, cup-product with /i induces an isomorphism 

GVKf' {£/) ^ Gwi"+'^' (j^) -.xt-^ nUx = xUii 
with inverse the cup-product with /i' for all G dgCatWD^.. 

Proposition 5.10. Let be a pointed dg category with weak equivalences and du- 
ality such that i G Then the square in Proposition \4.9\ induces a homotopy 
cartesian square of Grothendieck- Witt spectra with contractible lower left corner. 



Proof. By Proposition 15. 6[ we can assume £/ to be pretriangulated. For such 
categories, the square (D^)'^") is equivalent to the square □^[nj. Therefore, by 
Proposition 14.91 the square GW{Di!/)n is homotopy cartesian for all n > 1 with 
contractible lower left corner. Since the square GW{Dsi/) is a square of positive 
f2-spectra, this implies the claim. □ 
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6. BoTT Sequence, Invariance and Localization 

The homotopy cartesian square of Grothendieck-Witt spectra in Proposition lS.lOl 
induces a functorial exact triangle in the homotopy category of spectra 

GW{£/) A GM^(Fun([l],£/)) ^'GW^W(^) A AGW{j^). 

For £/ = '^lr^\ we obtain the boundary map 6 : GW^°\k) ^ A GW^-^\k). We 
let T] e GW^Ti^ (k) be the element 

r] = -(5(1) £ Gwti^\k) 

where (1) G GW^^^k) is the Grothendieck-Witt class represented by the symmetric 
space k®k^k:x®y^ xy. The element 77 is represented by the map of spectra 

S" ^ GW^°\k) ^ AGW^-^\k). 

It follows from Lemma 14.101 and Corollary 14.111 that we have homotopy equiva- 
lences {wTZ^^^T-Ls^)}! — wSi"''^ for all pretriangulated dg categories with duality 
^ and n>l. It follows that GW{TL£/) is a connective delooping of the iiT-thcory 
space of £/. Our model for the K-theory spectrum will therefore be 

(6.1) K{£/) = GW{Hs^). 

Recall from Section l47fl forgetful and hyperbolic dg form functors F : £/ ^ Tisz/ 
and H : T-Ls^/ ^p*''. They induce maps of spectra 

F ■.GW^"\£/)^K{£/) and H : K{£/)~-,GW^''+^\AP'') ^ GW^"+^\A). 

Theorem 6.1 (Algebraic Bott Sequence). Let he a dg category with weak equiv- 
alences and duality for which ^ G Then the sequence of spectra 

GW^'^Xsi^) A K{.s^) ^ GVF["+il(i/) A GW^'^Xsi^) 

is an exact triangle in the homotopy category of spectra. 

Proof. We can assume ^ pretriangulated. The square in Proposition 14.91 is multi- 
plicative in the sense that tensor product induces a map of squares (X> 3§i 
^3Sa®m^ in dgCatWD^. For 3§q = "^["^1 and S§i = "^I^W, this shows commuta- 
tivity of the right square in the following diagram 

50 A GW^Ii] (^) GW^M (fc) A GW^[il (j/) 51 A GW^-"-^ (k) A GW^^^ (^) 




GW^[il {£/) ^ 51 A GW^M {£/). 

Going first horizontally then vertically in the diagram yields cup product from the 
left with —rj. Going diagonally down then horizontally in the diagram yields the 
boundary map S : GW{£/) A GW^~^\£/). Thus, we have a functorial exact 

triangle of spectra 

GW{£/) ^ GVK(Fun([l],.c/)) GW^^^i^/) AGWi^/). 
By Lemma [4. 101 the exact dg form functor (|4.6p 

(F, if) : Fun([l], i/) ^ Hs^ : {f : Aq ^ Ai) ^ {Aq, A*,) 
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induces an equivalence of Grothendieck-Witt spectra with inverse the exact dg form 
functor (|4Jl) 

(G,V) : n^/ ^Fnn{[l],£/) ; {Ao,Ai) ^ (0 : Aq ^ A*^). 

The composition {F, (p) o / is the forgetful map jz/ — ?> Tis^. The composition 
Coneo(G,V') is the dg form functor H oT where T : H^/ Hs^ : {A, B) ^ 
{TA, TB) is the shift functor which induces multiplication by —1 on ii'-theory, and 
H : T-Ls^ — > ja/ is the hyperbolic functor. With our model of the if-theory spectrum 
(|6.ip . we therefore obtain an exact triangle in the homotopy category of spectra 

GW{£/) A K{.s/) Giy[il K) A GW{.s/). 

Replacing ^ with ^^"1, we are done. □ 

Let w, *, can) be a dg category with weak equivalences and duality such that 
i e ^. For e e {±1}, write £G1^["1(^) for GT^I"] (-^^^ e can), and eGW{£/) 
for ^GW^°\£^). Following Karoubi, one defines new theories eU{£/) and eV{£/) as 
the homotopy fibres of hyperbolic and forgetful functors 

K{£/) 4 eGW{£/) and ,GW{£/) 4 K{£/). 

The following theorem was proved by Karoubi in [KarSO] for rings with involution 
using different methods. 

Theorem 6.2 (Karoubi's Fundamental Theorem). Let {jz/ , w , * , can) be a dg cat- 
egory with weak equivalences and duality such that ^ € £/ . Then there are natural 
stable equivalences 

-eV{.S!/) ~ n eU{s^). 

Proof. From the exact triangle in Theorem 16. 1[ we obtain equivalences of spectra 

eU{j^)c^eGW^-^\s^) and eV {s^) ~ Vt ,GW^^\j^) . 

Cup product with the symmetric space fc[l] ® k[l\ — ?• A:[2] : x ® y ^ xy in 
(^[^1, — can) induces an equivalence of dg categories with weak equivalences and 
duality (i/[-il,can) ~ (jz/I^l , — can) , and therefore an equivalence of Grothendieck- 
Witt spectra eGW^-^\£/) ~ _,GW^^\£/). Hence, we obtain a homotopy equiva- 
lence as claimed. □ 

Our next proposition shows that negative Grothendieck-Witt groups are Balmer's 
triangular Witt groups. 

Proposition 6.3. Let jz/ be a dg category with weak equivalences and duality such 
that ^ (£ £/ . Let n E Z and i < be integers. Then cup-product with rj induces an 
isomorphism 

77U : GW^f V) ^ GW^t^'V) 
and the surjective map rj^^U : GWq~^{£/) Gwl"\£/) induces an isomorphism 

W"-\£/) ^ GWt\£/). 

Proof. From the exact triangle in Theorem 16.11 and the fact that connective K- 
theory K{s^) has trivial negative homotopy groups, we obtain an exact sequence 

ifo(^) A GW^;\£^) ^ GW^ir'V) 
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and isomorphisms 

Replacing n with n — i, the proposition follows. □ 

Lemma 6.4 (Karoubi induction). Let F : £/ -SS be an exact dg form Junctor 
between dg categories with weak equivalences and duality. Assume that ^ G ^ , 
that F induces an equivalence in K-theory and isomorphisms on all shifted Witt 
groups W^{s^) = W^i^J^), n G Z. Then F induces an equivalence of Grothendieck- 
Witt spectra for all n Cz Z 

Proof. By Theorem 16.11 the form functor F induces a map of exact sequences for 

71, i G Z 

GWll\ij^) if,+i(^) GW^i;+'V) GW^f V) K,{.s/) 



Gwll\{3§) K,+im GW^i;+'l(^) GW^i"i(^) 



By Proposition 16.31 and the hypothesis of the lemma, the functor F induces iso- 
morphisms GwI"\f) — W"^''{F) for all n,i € Z with i < 0. By a version of the 
5-lemma, if GwI^\f) and K^:{F) are isomorphisms then GwI^^^\f) is a surjec- 
tion. If GW^J"' (F) and (F) are isomorphisms and GW^^^ (F) is a surjection then 
GWl^'l^^ (F) is an isomorphism. By induction, we are done. □ 

Theorem 6.5 (Invariance for GW). Let G : £/ ^ be an exact dg form 
functor between dg categories with weak equivalences and duality such that ^ G 
Suppose that the functor G induces an equivalence Fsz^ FSS of associ- 
ated triangulated categories, cf. Definition ll.lll Then G induces an equivalence of 
Grothendieck- Witt spectra for all n € Z 

GH/["l(j/) ^ GVF["1(<^). 

Proof. By a theorem of Thomason |TT90| 1.9.8], the functor G induces an equiv- 
alence of iC-theory spectra. By Proposition 16.31 and Corollary 13.131 the maps 
GwI^\g) are isomorphisms for all n,i (1 Z with i < 0. This finishes the proof 
in view of Lemma 16.41 □ 



Call a sequence To ^ 7i — >■ 72 of triangulated categories exact if the composition 
is trivial, the functor To ^ 7i makes To into an epaisse subcategory of Ti (that is, a 
full subcategory which is closed under direct factors) and the induced functor from 
the Verdier quotient Ti /To to T2 is an equivalence. Call a sequence ^0 — ^ -2^1 — ^ ■s^2 
of dg categories with weak equivalences and duality quasi- exact if the associated 
sequence Ts^o — >■ T^^i Ts^2 of triangulated categories is exact. 

Theorem 6.6 (Localization for GW). Let {s^q,w) [s^i^w) — > (^2,w) be a 
quasi-exact sequence of dg categories with weak equivalences and duality. Assume 
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that ^ G , £/i , £^2 ■ Then the commutative square of Grothendieck- Witt spectra 
GW^["1 (j/o , w) GW^["1 , w) 



is homotopy cartesian, and the lower left corner is contractible. In particular, for 
all n £ Z, there is a homotopy fihration of Grothendieck- Witt spectra 

Giy["l(M)) ^ GT/F["1(M) ^ GT^["1(^2). 

Proof. Since the composition TM) — ^ Ts^i — > is trivial, the image of ^ in 

^2 is in the dg subcategory jz/j™ of w-acychc objects. In particular, the square of 
Grothendieck- Witt spectra in the theorem commutes. Replacing s^i with if 
necessary, we can assume n = 0. Furthermore, by Proposition 15.61 we can assume 
all dg categories to be pretriangulated. 

Let V be the set of morphisms in jz/i which are weak equivalences in s^2 ■ Then 
(jz/i ,v) is a pretriangulated dg category with weak equivalences and duality. By 
Proposition l4.7l the square of pretriangulated dg categories with weak equivalences 
and duality 



induces a homotopy cartesian square of |(u;7^i"'');i| -spaces with contractible lower 
left corner. By Proposition [531 this square induces a homotopy cartesian square of 
Grothendieck- Witt spectra. By assumption, the exact dg form functors {s^q,w) 
{j^i ,w) and — > (^2,w) induce equivalences on associated triangulated cat- 
egories. By Theorem 16. 5[ they induce equivalences of Grothendieck- Witt spec- 
tra. □ 

Remark 6.7. Let jz/ be a pretriangulated dg category with weak equivalences and 
duality. Then the sequence 

^/^Fun([l],=c^)^°=6/W 

induces an exact sequence of associated triangulated categories and hence a ho- 
motopy fibration of Grothendieck- Witt spectra. By Additivity, the Grothendieck- 
Witt spectra of Fun([l],^) and T-Ls/ are equivalent to the iC-theory spectrum of 
£^ . Therefore, the Localization Theorem 16.61 implies the homotopy fibration in the 
Bott Sequence 16.11 and thus Karoubi's Fundamental Theorem as explained in the 
proof of 16.21 

These implications were the motivation for proving Proposition l4.9l on which the 
construction of the Grothendieck- Witt spectrum rests. These results can now be 
seen as simple corollaries of Theorem 16.61 

Proposition 6.8 (Additivity for GW). Let {'^ , V) he a pretriangulated dg category 
with weak equivalences and duality such that ^ G ^ . Let d be a full pretri- 
angulated dg subcategory containing the w-acyclic objects of . Assume that 
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T'^ (A, B^) = for all A,B^ Ts^, and that T'^ is generated as a triangulated 
category by Ts^ and T s^^ . Then the exact dg form functor 

Ha/ ^'^ ■.{A,B)^ A^B"" 

induces a stable equivalence of Grothendieck- Witt spectra: 

K{£/) = GW{Hs^) GW{^). 

Proof. The triangle functor T'^ /Tsz/ is fully faithful because we have 

T'^{A^B^) — for all A, _B e Ts^- It is essentially surjective (hence an equiva- 
lence) because T'^ is generated by Ts^ and Ts^^ ■ From the iiT-theory analogue 
of the Localization Theorem l6.6l the sequence (jz/, w) {'^ ,w) w) induces 

a homotopy fibration of i^T-theory spectra where v is the set of morphisms which 
are isomorphisms in T'^ jTsi ■ In view of the Invariance Theorem for i^-theory, 
the fibration splits since the composition {'^,w) {^,v) induces an 

equivalence of triangulated categories. It follows that the functor H^/ — > ^ is a 
if-theory equivalence. 

The Witt groups of are trivial as is the case for any hyperbolic category. 
The Witt groups W*{'^) of 'W are also trivial. It suffices to prove this for W^i'W) = 
W^{T'^), the arguments for being similar (or just apply the case to the 
n-th shifted triangulated category with duality T"'^'"'). The hypothesis imply that 
for every U G , there is an exact triangle A ^ U B TA in T"^ with 
A G T^/, B G Ts^'^ such that for any map U ^ U' and any exact triangle 
A' ^ U' ^ B' TA' in T'^ with A' G Tj^ , B' £ Ta/'^ there is a unique 
map of triangles from the first to the second extending the given map ?/—>[/'. 
In particular, any symmetric isomorphism tp : U ^ C/^ extends to a symmetric 
isomorphism of exact triangles showing that [U, (p] — € W^{T'^)- 

Since the functor T-Ls^ — > is a _?C-theory equivalence and an isomorphism on 
triangular Witt groups, the Karoubi- Induction Lemma 16.41 implies that it is also a 
GVF- equivalence. □ 

7. Relation with L-theory and Tate of ivT-THEORY 

Recall from Section |6] the element 77 G GW^i\k) corresponding to (1) G W^{k) 
under the isomor phism Gwl^\k) ^ W°{k) of Proposition [O] 

Definition 7.1. For jz/ G dgCatWD, we define its i-theory spectrum L{s^) as 

i(^) = r^-iG'T/F(j^). 

This is the homotopy colimit spectrum of the sequence 

GW{£^) ^ 51 A GI^[-il(^) A GVF[-21(^) ^ . . . 

Since cup-product with the element /i G GW^q''' (k) from Remark 15.91 induces an 
equivalence GW^["1(j^) ~ GI^["+''l (i/), the spectrum r]-^GW{£!/) is also the lo- 
calization of the GW^(fc)-module spectrum GW{£/) at the element rj'^pi G GW-4{k) 
of the commutative ring spectrum GW{k). In particular, L{£/) = rj^^GW{s^) is 
a module spectrum over the commutative ring spectrum L(k) — {rj^^)~^GW{k) 
[Schj . As usual, L["1(j2/) denotes L(^["l), and the homotopy groups of L["](^) are 
denoted by ifW)- 
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By definition, tlie ring spectrum L(k) is 4-periodic witli periodicity isomorpliism 
given by cup-product with rj'^^J,. As a module spectrum over L(k), the spectrum 
L{s2/) is also 4-periodic. 

Proposition 7.2. Let £/ be a dg category with weak equivalences and duality such 
that ^ e £/ . Then there are natural isomorphisms 

Proof. This is a consequence of Proposition 16.31 □ 

7.1. The Z/2-action on X-theory. Call a pretriangulated dg category with weak 
equivalences and duality — (^,w,*,can) strict if the duality is strict, that is, 
the natural transformation can : 1 -> is the identity (in particular, ** = id), and 
if it is equipped with a choice of direct sum and zero object satisfying 0* = 0, 
{X ®Y)* = y* ® X* and ® X = X = X © for all objects X, Y of £/. We 
denote by dgCatWD^^^ the category of small strict pretriangulated dg categories 
with weak equivalences and duality. The morphisms in dgCatWDg^j. are the exact 
dg functors which commute with direct sum and duality, and which preserve the 
chosen zero object. 

Let jz/ be a dg category with weak equivalences and duality. By Lemma 17.101 
below, we can (functorially) associate with £/ a strict pretriangulated dg category 
with weak equivalences and duality s/gti that comes with an exact dg form func- 
tor — > £/sti- which, by Theorem 16. 5[ induces an equivalence on if -theory and 
Grothendieck-Witt spectra. So, in what follows, we may assume that is a strict. 

Let £/ — {£/, w, *) be a strict pretriangulated dg category with weak equivalences 
and duality. The hyperbolic category Hsi/ = £/ x S!/°p is equipped with the duality 
{X,Y) 1— >■ {Y,X) (ignoring the duality * on £/). The functor 

a : ns^ ns^ : iX,Y) ^ {Y*,X*) 

is duality preserving (as the duality on J2/ is strict) and induces a C2 = Z/2 action 
on the dg category with weak equivalences and duality Tix/. By functoriality, 
we obtain an induced C2-action on the Grothendieck-Witt spectrum GW{'H£/), 
hence on the K-theory spectrum K{£/) = GW{'H£/). If £/ is not strict, we will 
write K{s:/) for the spectrum K{£/sti) with its C2-action. Moreover, we will write 
for the if -theory spectrum if (i^N) ^ GW^(H(j2/["l)str) of saf equipped 
with the C2-action coming from the duality on ^["1 as described above. Non- 
equivariantly, this spectrum is (equivalent to) the if -theory spectrum of £/, but 
the C2-action depends on n. 

Example 7.3. We give an interpretation of the C2-action on K{R) for symmet- 
ric and alternating forms over a ring with involution R in terms of an action on 
BGl{H)~^ . For that consider first an additive category with strict duality (-4,*). 
If we equip the category iA with the C2-action A i-^ A, f 1-^ {f*)~^, then the 
equivalence of categories iA {i'HA)h '■ A h-> [{A, A), {id, id)] f 1-^ {f,f^^) is 
C2-equivariant. This gives the C2-action on the group completion of the classifying 
space of iA, that is, on the usual if -theory space of A. 

For example, let i? be a ring with involution a 1— J> a. Let A — F{K) be the 
category of finitely generated free i?-modules. More precisely, objects of F{R) are 
the free modules i?", n G N. Maps and composition of maps are given by matrices 
and their products. The dual of i?" is i?" and the dual of a map M G Mn{R) is 
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the matrix M* — *Af . In positive degrees, the hermitian i^-theory of symmetric 
forms over R is the hermitian X-theory of the additive category with strict duahty 
{F{R), *, id). By the discussion above, the corresponding C2-action on BGl{R)'^ is 
induced by 

BGl BGl : M ^ ^M'^ 

and the functoriaUty of the plus construction. 

In the hterature one frequently finds a differently looking C2-action on if-theory; 
see for instance [BK05j . The point is that the hermitian if -theory of symmetric 
forms over R is also the hermitian if-theory of the ring M2{R) with involution 

(c^)^(;j)(ii)(?j) = (fi) 

since both rings have equivalent associated hermitian categories of projective mod- 
ules. This yields the C2-action on BGlao{R) = BGl2oo{R) given by 

GhniR) ^ GhniR) -M^i I ) Cm)-^ ( 1° V ) ■ 

To compare these two actions, consider the C2-action on BGlooiR) ~ BGlscaiR) 
given by 

GhniR) ^ GhniR) : A/ ^ ( i°„ Y ) (*M)-i ( i"„ Y o ) . 
The two maps 

GhniR) GhniR) ^ GlniR) 

are C2-equivariant and yield, after passage to the colimit for n oo and taking (a 
functorial version of the) plus construction, C2-equivariant maps 

KiR) KiR) ^ KiR) 

which are homotopy equivalences (forgetting the C2-action). In particular, the re- 
spective homotopy orbit (homotopy fixed point) spaces are all homotopy equivalent. 

Finally, the hermitian if-theory of alternating forms over R in positive degrees 
is the hermitian iiT-theory of the additive category with duality (F(i?), *. —id). It is 
also the hermitian if -theory of symmetric forms over the ring M2(i?) with involu- 
tion (°^) I— >■ {^^^~^^ since both have equivalent associated hermitian categories. 

Thus, the involution on BGliR)^ = BGliAhiR))^ corresponding to alternating 
forms over R is the involution corresponding to symmetric forms over the ring with 
involution A/2(i?)- 

7.2. The hypernorm in if-theory. Let G be a finite group. For any spectrum X 
with G-action its Tate spectrum ]HI(G, X) is the homotopy cofibre of the hypernorm 
map N : X^q -> X^"^ from the homotopy orbit spectrum X^q to the homotopy 
fix point spectrum X^'^; see Appendix IB] when G = G2. In Lemma [7.41 we give 
another description of this map for the G2-spectrum if (^) associated with a (strict 
pretriangulated) dg category with weak equivalences and duality jz/ (where the 
action was defined in Section [7T|) . 

Let £/ he a strict pretriangulated dg category with weak equivalences and dual- 
ity. We consider equipped with the trivial G2-action. Recall from §7.1l that the 
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hyperbolic category T-Lst^ is equipped with a C2-action (in the category of strict pre- 
triangulated dg categories with weak equivalences and duality). We will construct 
a sequence 

(7.1) Hi/— ^j/-^^^— ^Hj^ 

of C2 equivariant maps between strict pretriangulated dg categories with weak 
equivalences and duality in which the backward arrow is an equivalence of categories 
(forgetting the C2 action). 

Let ^ be the dg category whose objects are isomorphisms a : A ^ B m and 
whose maps are commutative squares in ^2/. We define a strict duality on on 
objects by (a : A — >■ B)* = {{a*)~^ : A* B*) and on morphisms by {f,g)* ~ 
if* ,g*)- The equivalence of categories ^ : X ^ {1 : X ^ X), f t-^ (/, /) is 
duality preserving. The functor 

£/ ^ £/ : if : X ^Y) ^ {f-^ -.Y ^ X) 

is duality preserving and induces a C2-action on the strict exact category with weak 
equivalences and duality £/. Note that the duality preserving equivalence 
is C2-equivariant. The functors H and F in diagram (|7.ip are defined as 

H:n£/^£/: iX,Y) ^ {X®Y*^Y*®X) and 
F:£/^n£/: X {X,X*) 

where r denotes the map switching the two factors. Both functors are duality 
preserving, exact and C2-equivariant. 

Applying Grothendieck-Witt spectra to diagram (17. ip yields a diagram 

(7.2) K{£/) — ^ GW{£/) GW{£/) K{£/) 

of C2 -equivariant spectra where C2 acts trivially on GW{s^). Taking homotopy 
(co-) limits, we obtain a sequence of spectra 

(7.3) Khc^ A GWhc^ ^ GWhc^ ^ GW GW'^^^ -A K'^^^ 

where we have suppressed the entries and where we wrote GW for GW{£/). 
The non-labelled maps in the diagram are the natural maps GWhC2 ~^ GWc2 — 
GW^GW^' ^GW^^\ 

Lemma 7.4. The map K{£/)hC2 ^ K{£/)^^^ in |y.g| ) is naturally equivalent to 
the hypernorm mav \B.^ !iB.4\ ) for the C2-spectrum K{£/) defined in Section \7.1\ 

Proof. Let d = G2 = Z/2 = C2 and consider the sequence (|7.2p as a sequence 
of Gi X G2-spectra where Gi x G2 acts on the left two spectra via the projection 
Gi X G2 —> Gi on the first factor. The action on GW{£/) is trivial and the 
action on the last spectrum is via the projection Gi x G2 — > G2 onto the second 
factor. The map in (|7.3|) is the application of the functor X 1— > {X^'^^)hGi to the 
Gi x G2-equivariant string (17.21) preceded by {X2)hG {X'^'~^^)hGi ^^d followed 
by {X''^^^)hGi (^'"^')gi- We have to show that the sequence dLll is Gi x G2- 
equivariantly weakly equivalent to the sequence IB. 81 (|B.3[) where X — GW{H£^). 

By naturality of the Gi-equivariant map sii ^ applied to the G2 -equivariant 
map F : ^ T-Ls^ , we have a Gi x G2 -equivariant commutative diagram of strict 
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pretriangulated dg categories with weak equivalences and duality 



(7.4) 



■si 



F 



Define a functor J : Usi x Usi Usi by sending the object ((X, F), ([/, V")) to 
the object (r, t) : {X ®U ,Y ®V) — > (U ®X,V ®Y) and on maps in the obvious 
way. The functor is exact, duality preserving and G\ x G'2-equivariant where G\ 
acts on "Ksi x l-isi by interchanging the two factors (a;, y) (-> (y, x) and Gi acts 
on Hjz/ X l-isi via {x^y) ^ {ay, ax). We have the following Gi x G2-equi variant 
commutative diagram of strict pretriangulated dg categories with weak equivalences 
and duality 



H 



■ Usi V Usi 
ivi 

■U-Bi 



where, strictly speaking, the upper right corner only makes sense after application of 
the functor GW using the convention G'W(^VS) = GW {JC)y GW {B) . Going down 
then right is the G\ x G'2-equivariant map (|7.ip in view of the commutative square 
()7.4p . Going right then down is the map that defines the hypernorm map. □ 



Let 3§ he & pretriangulated dg category with weak equivalences that is equipped 
with a direct sum operation and a zero object such that 0® B = B = B ®0 for all 
objects B of We make into a strict pretriangulated dg category with weak 
equivalences and duality by defining the direct sum in by {A, B) © {A' , B') = 
{A ® A',B' © B). For ^ = H^, the sequence ([721) yields the sequence of C2- 
equivariant spectra 

(7.5) K{n.'^) — ^ GWiTW) GW{H.^) K{n.^) 

Lemma 7.5. The sequence |y.<5[ ) is C2-equivariantly equivalent to the sequence 
K{IM) A (C2)+ ^ K{£§) ^ Sp^^((C2)+,if(^)) 

where K{£§) has trivial C2-action, and both maps are induced by the C2-equivariant 
map G2 — ?> pt. 

Proof. We have a C2-equivariant isomorphism of strict pretriangulated dg cate- 
gories with weak equivalences and duality 

$ : ni^ x ^) = (^ X ^) X (^ x ^)°p nin.^) = n.^ x {n.^)°p 

(Ao,Ai),(Bo,Bi) ^ (Ao,Bi),(Bo,^i) 

where C2 acts on the left hand side HiSS x SS) via the switch SS x SS ^ SS x : 
{A,B) (-> (B,A). Then the following diagram of C2-equivariant dg form functors 
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commutes 



1-L{.S§ X 0) VH(0 X S§) 



■ n{.s§) 



A 



H 



■ X ^) 
n{ns§). 



It follows that the sequence (|7.5p is C2-equivariantly equivalent to the sequence 

K{d§) V K{S§) ^ K{S§) A K{^) X K{Sg) 

where C2 acts on the left spectrum by switching the two summands, and on the 
right spectrum by switching the two factors. □ 



Diagram (|7.3p is a diagram of module spectra over the commutative ring spec- 
trum GW{k). This is because the diagram is obtained by applying the functor GW 
to the C2-equivariant diagram (|7.ip and taking various homotopy limits or colimits. 
Thus, inverting 77 G G'VFl^^'(fc) (or rather ry*/x G GW-4^{k)) in diagram (|7.3p yields 
a commutative diagram of spectra 



(7.6) 



hC2 



GWi£/) 



hC2 



For instance, r]~^K{£/)hC2 the homotopy colimit of the sequence 

In particular, r]-^K{£/)hC2 = iv^^ K{£/))hC2 = as K^{£/) = for i < 0. We 
have already seen that the spectrum L(j2/) = ri~^GW{£/) represents triangular 
Witt groups. The following theorem identifies the lower right corner with the Tate 
spectrum m{C2,K{s/j) of K{jzr). 

Theorem 7.6. Let be an pretriangulated dg category with weak equivalences 
and duality such that ^ £ £/ . Then both squares of spectra in diagram i7.6\ j are 
homotopy cartesian, the lower left corner is contractible, the lower middle term is 
L{£/) and the lower right term is the Tate spectrum of the C2-spectrum K{£/). In 
particular, there is a natural homotopy fibration 

K{£/)hC2 GW{£/) L{s!/) 
and a homotopy cartesian square of spectra 

GW(s/) K{£^f'^^ 



L{£/) ^m{G2,K{£/)). 
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Proof. Consider the commutative diagram of spectra 

V V V 

The maps on vertical homotopy fibres are equivalences by Theorem 16.11 and Lemma 
17.51 In other words both squares are homotopy cartesian. Passing to the homotopy 
colimit for n -> oo shows that the squares in diagram (|7.6p are homotopy cartesian. 
Since the lower left corner is contractible (see discussion preceding the theorem) and 
the composition of the upper two horizontal maps is the hypernorm map (Lemma 
17. 4p . the lower right corner of diagram (17. 6p is the Tate spectrum M{C2 , K (s/)) . □ 

Remark 7.7. The map L{£/) — > M{C2, K{£/)) is a module map over the 4-periodic 
ring spectrum L{k). In particular, both spectra are 4-periodic and the map respects 
the periodicity maps given by the cup product with the element of rfji G L_4(fc); 
compare jWWOO] . 

Remark 7.8. The proof of Theorem l7.6l is rather formal and uses only the natural 
exact triangle of Theorem 16.11 In particular, we could replace the functor 
GW{£/) with its localization £/ i-^ GW{£/)[^] inverting 2. In this way, we obtain 
for any pretriangulated dg category with weak equivalences and duality such that 
i G ^ a homotopy cartesian square of spectra 

GW^(^)[i] ^H' (C2,i^(^)[i]) 



H^M -iei(C2,i^(^)[i]). 

The lower right corner in this diagram is contractible; see for instance lB.141 There- 
fore, we have an equivalence of spectra 

GW{s^)[l/2] ^ L(j^)[l/2] ©H' {C2,K {£/)[!/ 2]) 

and an isomorphism of homotopy groups (Lemma IB.10|) 

GWi(£/) ® Z[l/2] ^ W-\£^) ® Z[l/2] ® {Ki{s/) ® 1[l/2]f\ 

7.3. Cofinality revisited. Let ^ he a map of pretriangulated dg cate- 

gories with weak equivalences such that the induced map on associated triangu- 
lated categories T-s/ is cofinal, that is, it is fully faithful and every object 
of is a direct factor of an object of Ts^- Let Ko{^M,£/) be the monoid of 
isomorphism classes of objects in Tj^ under direct sum operation, modulo the 
submonoid of isomorphisms classes of objects in T^. There is a canonical map 
Ko{^) — J> Ko{£§,£/) : [B] I— ;> [B] which induces an isomorphism between the cok- 
ernel of Kq{£/) — )• Ko{3§) and the group Ko{^, s:/). By a theorem of Thomason 
|TT90i 1.10.1], there is a homotopy fibration of spectra 

(7.7) K{£/) K{SS) Ko{S§, s^) 

where Kq{!3§,£i/) denotes the Eilenberg-MacLane spectrum whose only non-trivial 
homotopy group is in degree where it is Ko{^, 
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Recall that for an Eilenberg-MacLane spectrum of a C2-module A, we denote 
by H* (C2 , A) the homotopy fixed point spectrum A'^'-^^ . This spectrum represents 
cohomology of the group C2 with coefficients in the C2-module A. 

Theorem 7.9 (Cofinality). Let s/ 3§ be a map of pretriangulated dg categories 
with weak equivalences and duality such that ^ € si ^SS. If Ts/ TSS is cofinal, 
then there are homotopy fibrations of spectra 

GW{si) GW{3§) H*(C2,Xo) 

where Kq denotes the C2-module Ko(£§,s/) with C2-action induced by the duality 
functor on . 

Proof. By Proposition 15.61 we can assume s/ and ^ pretriangulated. Write GW^ 
and L- for the homotopy cofibres of GW{s/) GW{S§) and L{si) L{.Sg). 
By cofinality in algebraic /iT-theory (|7.7p and theorem 17.61 we have a homotopy 
cartesian square of spectra 

GW' ^W{C2,Kq) 



L' -H(C2,ifo). 

By Cofinality for higher Grothendieck-Witt groups [SchlObl Theorem 7] and the 
Invariance Theorem 16.51 the upper horizontal map is an isomorphism on homotopy 
groups in positive degrees since in this range both have zero homotopy groups. It 
follows that the lower horizontal map is an isomorphism on homotopy groups in 
degrees > 2. Since the lower horizontal map is periodic as a module map over 
the periodic ring spectrum L{k), it induces an isomorphism in all degrees. It is 
therefore a stable equivalence. It follows that the upper horizontal map is also a 
stable equivalence. □ 

Denote by dgCatWDp^j. C dgCatWD the full subcategory of pretriangulated dg 
categories with weak equivalences and duality. 

Lemma 7.10. There is a functor 

dgCatWDpt, ^ dgCatWD.t, : s/ ^ s/str 

and a natural map s/ s/stv 'in dgCatWDp^j. which induces an equivalence Ts/ — 
Ts/str on associated triangulated categories. 

Proof. The construction in [SchlObl Lemma 4] gives a functor that produces strict 
dualities without changing associated triangulated categories. Thus, we can assume 
that s/ has a strict duality and that functors commute with dualities, and we need 
to construct s/^tr satisfying {X ®Y)* ^ Y* ® X* and ® X ^ X ^ X ® for aU 
objects X,Y of s/str- The category s/gti has objects the sequences {Aq, ...,An) of 
objects of s/. The mapping space from {Aq, A^) to {Bq, B^) is the mapping 
space from Aq® - ■ - G) An to Bq® - ■ - O Bm in s/ (which can be identified with the set 
of TO X n matrices with (i, j) entry the maps from Aj to Bi , and thus is independent 
of the choice of a sum) . Composition is composition of maps in s/ (or of matrices 
whichever is your point of view). The direct sum of two sequences {Aq, An) 
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and {Bq, Bm) is the sequence {Aq, A„, Bq, Bm), the empty sequence is the 
(base point) zero object, and the dual of a sequence is (^o, An)* — (A* , Aq). 
The category jz^tr is a strict exact category with weak equivalences and duality and 
the functor — > jz^^tr : A ^ {A) is a duality preserving equivalence of categories 
and thus induces an equivalence on associated triangulated categories. □ 

8. The Karoubi-Grothendieck-Witt spectrum 

We saw in Theorem 16.61 that the Grothendieck-Witt functor GW sends exact 
sequences of triangulated categories to long exact sequences of higher Grothendieck- 
Witt groups. In applications, however, it is more useful to have a functor that sends 
sequences of triangulated categories that are exact only up to factors to long exact 
sequences of abelian groups. In this section, we will construct such a functor QW , 
the Karoubi-Grothendieck-Witt spectrum functor, together with a natural map of 
spectra GW — >■ which is an isomorphism in degrees i > and a monomorphism 
in degree i = 0. In most cases of interest, this map is also an isomorphism in degree 
i = 0. 

The relation between the Grothendieck-Witt and Karoubi-Grothendieck-Witt 
functors GW and GW is in some sense the same as the relation between connective 
and non-connective (or Bass) if-theory functors K and K. To construct non- 
connective if -theory from connective i^T-theory, there are essentially two ways: one 
is via Bass' fundamental theorem as done by Thomason in jTTQOj . and the other is 
via algebraic suspension functors as done by Wagoner |Wag72| , Gersten [Ger72] and 
Karoubi |Kar70| . and first worked out in the generality applicable to dg categories 
in |Sch06| . 

8.1. Cone and suspension of dg categories. Recall that the cone ring is the 
ring C of infinite matrices (aij )^ with coefficients Oij- in Z for which each row 
and each column has only finitely many non-zero entries. Transposition of matrices 
^iflij) = {o-j,i) makes G into a ring with involution. As a Z- module G is torsion 
free, hence flat. 

The suspension ring S is the factor ring of G by the two sided ideal M^o C C of 
those matrices which have only finitely many non-zero entries. Transposition also 
makes S into a ring with involution such that the quotient map C ^ 5 is a map of 
rings with involution. For another description of the suspension ring S, consider the 
matrices e„ G C, n G N, with entries (e„)ij- = 1 for i = j > n and zero otherwise. 
They are symmetric idempotents, i.e.^Cn = e„ = e^, and they form a multiplicative 
subset of G which satisfies the 0re condition, that is, the multiplicative subset 
satisfies the axioms for a calculus of fractions. One checks that the quotient map 
G ^ S identifies the suspension ring S with the localization of the cone ring G 
with respect to the elements e„ G C, n G N. In particular, the suspension ring S is 
also a flat Z-module. 

Let e = 1 — ei G C be the symmetric idempotent with entries 1 at (0, 0) and zero 
otherwise. The image Ce of the right multiplication map xe : C — >■ C is a flnitcly 
generated projective left C-modulc. Denote by C the full subcategory of left G- 
niodules consisting of G and Ge. Then G{G, G) — C, G(Ge, C) = {a G C| ae = a}, 
C{G,Gs) = {a e G\ ea ^ a}, and C{Ge,Ge) ^ {a e G\ as ^ ea ^ a} ^ Z. The 
rule C°P C : G ^ G, Ge i~> Ge, a i— > a makes C into an additive category 
with strict duality. Note that Z — > C : Z M- Ge, n ne defines a fully faithful 
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duality preserving functor. Since e ~ E S , we have a duality preserving functor 
C S : C ^ S, Cei->0 (recall that S is considered a pointed dg category) such 
that the composition 

(8.1) Z^C^S 
is trivial. 

For a dg category with weak equivalences and duality £/, we denote by C^/ and 
Ssi/ the dg categories with weak equivalences and duality (7 ^ and S ®z £^ ■ 
Tensoring the sequence ()8.H) with £^ E dgCatWD, we obtain the the sequence 

(8.2) £/ Cj^ S£/ 



Call a sequence To — > 71 — > 72 of triangulated categories exact up to factors if 
the composition is trivial, the functor 7o ^ 7i is fully faithful and the induced 
functor from the Verdier quotient 7i/7o to 72 cofinal. 

Definition 8.1. An exact dg functor SS between dg categories with weak 

equivalences is called Morita equivalence if the associated triangle functor T-s^/ — > 
is cofinal. A sequence j2^o — >■ ^ ^2 of dg categories with weak equivalences 
is called Morita exact if the associated sequence of triangulated categories T^o ^ 
Ts^i T-s/2 is exact up to factors. 

Lemma 8.2. The functors C, S : dgCatW dgCatW preserve Morita equiva- 
lences and Morita exact sequences. Moreover, for any dg category with weak equiv- 
alences , the sequence 

of dg categories with weak equivalences is Morita exact. 

Proof. Recall the following facts from the theory of dg categories |Dri04j , especially 
[Dri04[ Proposition 1.6.3]. 

(1) Let S be a homotopically flat dg category. Then the functor 

dgCat dgCat : B®A 

preserves Morita equivalences and Morita exact sequences. 

(2) Let Bo —i' Bi ^ B2 be a Morita exact sequence of homotopically flat dg 
categories, then the sequence Bq ® A —i' Bi A ^ B2 A is Morita exact. 

(3) For a full inclusion of dg categories Aq C Ai there is a dg category Ai // Aq 
together with a dg functor Ai ^ Ai // Aq such that the sequence 

Aq-^Ai^ Ai II Aq 

is Morita exact. Moreover, this sequence is functorial in the pair ^0 C ^1. 

Since the dg categories C and S are flat dg categories, the lemma holds for dg 
categories. Let B be a homotopically flat dg category, and si = {A, w) a dg 
category with weak equivalences. By ([3|) and the definition of T{B (g) ^), the 
canonical functor triangle functor T{Bsi) — > T{BA H BA^) is cofinal (in fact, this 
is an equivalence, but we won't need that). Therefore, the lemma reduces to the 
dg category case. □ 
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Remark 8.3. Lenima [8?2] shows that the functors C and S satisfy the requirements 
of the "set-up" of |Sch06[ Section 2.2] on the category of dg categories with weak 
equivalences. They can therefore be used to define the non-connective X-theory 
spectrum ]K(^) of a dg category with weak equivalences jz/. 

Lemma 8.4. For any dg category with weak equivalences and duality such that 
^ e , the Grothendieck- Witt spectrum GW{C^) is contractible. 

Proof. The proof is the same is the proof of [SchlObl Lemma 19], and we omit the 
details. □ 



In the following we will use terminology and results from Sections IB. 91 - IB. Ill 
Let S'^ — > 5" be a cofibrant replacement of the monoidal unit 5° G Sp in the 
positive projective stable model structure on the category Sp of spectra, and factor 
the composition 5° — >• 5'° — ;> / into a cofibration (for the positive model structure) 
and a stable equivalence S''' ^ / ^ / in Sp. Write for the quotient I/S^. The 
induced map on quotients is a stable equivalence, and is cofibrant in 

the positive stable model structure on Sp. 

The inner product space (1) of k defines a map (1) : S'^ —> GW{k) of spectra. 
Since in the positive stable model structure on Sp, we have a cofibration S° ^ I 
and a trivial fibration GW{Ck) — >• pt, the map 5° — S"^ — GW{k) extends to a 
map p : I ^ GW{Ck) such that the diagram 

5" ^ S° GWik) 



i ^ GW{Ck) 

commutes. Moreover, the composition GW{k) GW{Ck) — > GW{Sk) is trivial, 
and we obtain the induced map of spectra a : ^ GW{Sk). 

Lemma 8.5. Let be a dg category with weak equivalences and duality such that 
i S £^ . Assume that the triangulated category Tsi of si is idempotent complete. 
Then the composition 

p:S^ As GW(si) ^ GW{Sk) As GW{£/) A GW{Ss^) 
is a stable equivalence. 

Proof. Since Ts^ is idempotent complete, and C ^ S surjective on objects, the 
Morita exact sequence 

of Lemma 18.21 is in fact quasi-exact. Therefore, in the commutative diagram of 
spectra 

As GW{j^) ^ / As GW{£/) ^ As GW(s^) 

(1)A1 pAl o-Al 



GWik) As GW{£/) 



GW{£/) 



GW{k) As GW{£/) 



■ GW{k) As GW{£/) 



GW{C£/) 



GWiSs/), 
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the last row is a honiotopy fibration, by Theoreni l6.6l As a cofibre sequence, the first 
row is also a homotopy fibration. Since the composition of the left two and middle 
two vertical maps are stable equivalences (the latter composition by contractibility 
of / and GW{C£/)), the map in the lemma is also a stable equivalence. □ 

8.2. The Karoubi-Grothendieck-Witt spectrum. In order to define a sym- 
metric monoidal functor GW from dg categories to a category of spectra that sends 
Morita exact sequences to homotopy fibrations, we will work in the symmetric 
monoidal category of bispectra BiSp. The category of bispectra is yet another 
model for the stable homotopy category of spectra. This category contains the cat- 
egory of spectra Sp as a symmetric monoidal subcategory. The inclusion Sp C BiSp 
preserves stable equivalences and induces an equivalence of associated homotopy 
categories; see Appendix IB. Ill The Karoubi-Grothendieck-Witt spectrum functor 
most naturally has values in this category of bispectra. If we are not interested in 
multiplicative properties of the Karoubi-Grothendieck-Witt spectrum, we can stay 
within the category Sp of spectra and equivalently work with a certain mapping 
telescope of spectra as in Remark 18.81 below. 

Recall that the category of 5 ^-5 ^-bispectra is the category of ^^-spectra in Sp, 
that is, the category of left modules over the free commutative monoid S generated 
by (0, S'-^, 0, 0, ...) in Sp^. Thus, to specify a symmetric monoidal functor GW : 
dgCatWD BiSp into S'"^-5'^-bispectra is the same as to specify a symmetric 
monoidal functor GW : dgGatWD Sp^ into symmetric sequences of spectra 
together with a map of spectra a : ^ GW{k)i. 

Application of Remark 15.11 with F the symmetric monoidal functor 

dgCatWD^ X dgCatWD, Sp : (^, £/) ^ GW{BA) 

and U — S Cz dgCatWD^ yields the symmetric monoidal functor 

dgCatWD, — > Sp^ : .S!/ ^ {n ^ GW{£/)n} 

with values in Sp^ where GW{£/)n is the spectrum GW {{S)^" .s/) with left En- 
action permuting the tensor factors (5)®". The map of spectra a : ^ GW{k)i — 
GW{Sk) extends uniquely to a map of commutative monoids 

S ^ GW(k) 

in Sp^ making every GM^(/c)-module GW{.S!/) into a module over S. Thus, we have 
defined a symmetric monoidal functor 

GW : dgCatWD, ^ BiSp . 

Definition 8.6. Let jz/ be a dg category with weak equivalences and duality such 
that i G £/. The bispectrum GW{jz/) constructed in Section 18.21 is called the 
Karoubi-Grothendieck-Witt spectrum of £/. It is equipped with a natural map of 
bispectra GW{£/) — GW{£/)q GW{£/). Its homotopy groups are the Karoubi- 
Grothendieck- Witt groups of £/: 

GWi{£/) = TT^GW{£/) = [S'",GPF(j^)]BiSp- 

As usual, we write and for and 

Let T be a triangulated category. Recall from |BS01j that its idempotent com- 
pletion T is canonically a triangulated category. If 7" is a triangulated category 
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with duality, then the duahty on T canonically extends to a duahty on T such that 
the inclusion 7" C T is duality preserving. 

Proposition 8.7. Let £/ be a dg category with weak equivalences and duality 
such that i £ . Then the bispectrum GrW{£/) is semistable. The Karoubi- 
Grothendieck- Witt groups are given by 



GWp{£/) i>0 
GW^^\TS^s/) i<Q. 



Proof. The triangulated category TCsz/ is idempotent complete. This is because 
there is a triangle functor F : TGs^ TCs^ and a natural isomorphism F®id = F 
(compare [SchlObi Lemma 19]). The triangle functor and the natural isomorphism 
extend to a triangle functor and a natural isomorphism on the idempotent comple- 
tion of TCs^ . This forces the Kq groups of TCs^ and its idempotent completion 
to be trivial. In particular, the cofinal inclusion of TCs^ into its idempotent com- 
pletion induces an isomorphism on Kq. By Thomason's classification theorem of 
dense subcategories [Tho97; . this inclusion is an equivalence, that is, TCs^ is al- 
ready idempotent complete. 

For a dg category with weak equivalences and duality let be the full 
dg subcategory of (Cjz/)^*'' of those objects which are direct factors in T{Cs^) of 
objects of T{£/). A map in jz/'^ is a weak equivalence if it is an isomorphism in 
T{Cs^). Then s^'^ is pretriangulated, contains and has associated triangulated 
category 7'(^'^) the idempotent completion of T(^). Moreover, the Morita equiv- 
alence S*^ — ?> S{£^'^) is in fact a quasi-equivalence because both have trivial Kq as 
a quotient of Ki^{Cs^) — Kq{C{£/'^)) = 0. In the diagram 

As GW{s^) As GWi^/") 



GW{S£/) ^ GW , 

the right vertical map is a stable equivalence, by Lemma [8.51 By Cofinality (The- 
orem (T^Hl) the top vertical map is an isomorphism on tt^ for i > 0, and the bottom 
one is an isomorphism in all degrees, by the Invariance Theorem 16.51 Therefore, 
the left vertical map is an isomorphism in degrees i > Q. By Lemma IB.16[ the 
bispectrum GW is semi-stable, and GWi{£/) it the colimit of the sequence 

GW,{s^) ^ GWi+,{Sj^) ^ • • ■ GWk+^{S''s^) ^ GWl+k+^{S^+''^) ■ ■ ■ 

which consists of isomorphisms after k + i > 1. This proves the claim in the 
proposition for i > 0. If i < 0, then 

GW,{£/) = GWi{S^-'£/) = GWo{{S-'£/y) = GWo{TS^£/). 

□ 



Remark 8.8. Recall that the inclusion Sp C BiSp of spectra into bispectra pre- 
serves stable equivalences and induces an equivalence of homotopy categories. By 
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Remark IB.17I and Proposition 18.71 the spectrum corresponding to the bispectrum 
GW{£/) under this equivalence is the mapping telescope of the sequence of spectra 

This telescope therefore has to correct homotopy type. But it does not retain 
good point-set multiplicative properties. In particular, it does not define a sym- 
metric monoidal functor dgCatWD Sp. This is the reason we consider GW as a 
symmetric monoidal functor into bispectra rather than as a functor with values in 
spectra defined by the mapping telescope above. 

Theorem 8.9 (Invariance for GM^). Let —^^Mbean exact dg form functor 
between dg categories with weak equivalences and duality such that ^ £ , £^ . If 
Ts^ — >■ TSS is cofinal, then the map of Karoubi-Grothendieck-Witt spectra is a 
stable equivalence 

GW{£/) GVK(^). 

Proof. The maps of abelian groups GWi (s^) — > 'GWi (SS) are isomorphisms in view 
of Proposition [8771 and Lemma [8T2] □ 

Theorem 8.10 (Localization for GT4^). Let jz/q — > «e>^i ^ s^i be a Morita exact 
sequence of dg categories with weak equivalences and duality. Assume that ^ S 
£/o, s/i, .S2f2- Then the commutative square of Karoubi-Grothendieck-Witt spectra 

GM^["1(M)) GTy["l(-a^i) 



GW["1(^2'") ^ GVF["1(£/2) 

is homotopy cartesian, and the lower left corner is contractible. In particular, for 
all n G Z there is a homotopy fibration of Karoubi- Grothendieck- Witt spectra 

GM^t"l(M)) ^ Giy["l(M) ^ Giy["l(i/2). 

Proof. To ease notation, we will prove the theorem for n = 0. The general case is 
then obtained from the case n = by replacing Ai with By Remark l8.8[ it 

suffices to check that the mapping telescope of the squares of spectra 

(8.3) n"GW{S"£/o) rj"GW^(5"M) 



n'^GWiS^'s^^) ^ f7"GW^(S'"^2). 

is homotopy cartesian with contractible lower left corner. Here, we have written 
fi" for MapspCiS*", ) . One square maps into the next via the cup-product with 
a:S^^ GW{Sk). 

As in the proof of Proposition 18. 7[ let be the full dg subcategory of (C^)^*'' 
of those objects which are direct factors in T{Cs^) of objects of T(^). So, 
^ Ti^'^ is an idempotent completion. Let {S'^i^2Y C (S'"^/2)'' be the full 
dg subcategory of those objects which are in the essential image of the functor 
r(5"M)'= ^ r(S'"^2)^ The dg category {S'^s/2Y inherits the structure of a dg 
category with weak equivalences and duality from {S'^£^2Y- By Lemma 15751 and the 
Cofinality theorem for GW (or from the Invariance theorem 18. 9p . the telescope of 



HERMITIAN /^-THEORY AND DERIVED EQUIVALENCES 67 

the diagrams (|8.3p is stably equivalent to the mapping telescope over the diagrams 
of spectra 

(8.4) il'^GWiS'^s^oY ^17"Gl^(5'"M)' 

By Lemma 15^ the sequence 

is Morita exact. In fact, this sequence is quasi-exact, since the first two dg cat- 
egories with weak equivalences have idempotent complete associated triangulated 
categories, and the last functor is essentially surjective on associated triangulated 
categories. By the Localization Theorem l6.6l for GW , the squares 15^ are homotopy 
(co-) cartesian with contractible lower left corner. Therefore, the same is true for 
the mapping telescope over the diagrams (18. 4p and (18. 3p . □ 

As in Section [51 set 

IK(i/) = QWiUjzf). 

By Remark 18.31 this bispectrum represents non-connective algebraic i^T-theory of 
as defined in |Sch06| . 

Theorem 8.11 (Algebraic Bott Sequence for GW). Let £/ be a dg category with 
weak equivalences and duality for which ^ £ £/ . Then the sequence of Karoubi- 
Grothendieck- Witt spectra 

GW^["l(j/) A K{.s/) A GW^["+il(^) A AGW^''\.s/) 
is an exact triangle in the homotopy category of (bi- ) spectra. 

Proof. This follows from Theorem 16. II in view of Remark 18.81 Alternatively, it also 
follows from the Localization Theorem 18.101 in view of Remark 16.71 □ 

As in Section rm we consider the bispectrum K(^) = GW{H£/) equipped with 
the C2-action coming from the action on H^/ and the functoriality of GW, and we 
obtain a commutative diagram of bispectra 

(8.5) K(£/)hc, GW{£/) ^ K{£/)'"='^ 

Tj-^K{s^)hC2 ^ fi-^GW{£/) ^ 7]-^ {K(j^)^^^) . 

as in (|7.6p . 

Definition 8.12 (Compare Definition 17. ip . For jz/ e dgCatWD, we define its 
stabilized L-theory spectrum L(j2/) as 

L(j2/) = r]-'^GW{£/) = ri^^(7^^GW{s^). 

This a module spectrum over the commutative ring spectrum L{k) = {rf^)~^GW{k) 
In particular, it is 4-periodic with periodicity isomorphism induced by the cup- 
product with 77^ /X. As usual, L["1(^) denotes L(^["l), and the homotopy groups 
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of L["1(j2/) are denoted by As in Remark the spectrum L(£/) is the 

mapping telescope of the sequence of spectra 

L(^) ^ Oi( ^ ^ . . . 

In particular, its homotopy groups Li{s^) are given by the colimit 

(8.6) U{s^) ^ L,+^{S£^) ^ U+2iS^^) ^ • • • 

These groups are isomorphic to Karoubi's stabilized Witt groups [Kar06j . but we 
won't need that fact here. 

With this definition we have the GVF- variant of Theorem 17.61 which is proved in 
the same way as Theorem 17.61 

Theorem 8.13. Let £/ be a dg category with weak equivalences and duality such 
that ^ G . Then the squares of (hi-) spectra i8. 5]) are homotopy cartesian, the 
lower left comer is contractible, and the lower right term is the Tate spectrum of 
the C2-spectrum K(j2/). In particular, there is a natural homotopy fibration 

IK(j/)hC2 ^ 'GW{£^) L(i/) 

and a homotopy cartesian square of spectra 

<G,W{s^) ^H*(C2,IK(i/)) 



L(i3f) ^ ]HI(C2, K(j^)). 

□ 

Recall that there is a natural map of (bi-) spectra GW{£^) — ?► GW{s^) since the 
0-th spectrum of the bispcctrum GVF(j2/) is the spectrum GW{A). 

Theorem 8.14. Let £/ be a dg category with weak equivalences and duality such 
that i e . Then the following square of (bi-) spectra is homotopy cartesian 

GW{s^) *- <GW{£^) 



Proof. By Theorems 17.61 and 18.131 the map on vertical homotopy fibres is a map 
of L(fc)-modules. In particular, this map is 4-periodic. By Proposition 18.71 and 
its ^C-theory analogue, the maps GW{s^) — > GVF(^) and K{£/) K{£/) are 
isomorphisms in positive degrees (and monomorphisms in degree 0). It follows that 
the horizontal homotopy fibres are trivial in high degrees. In particular, the map 
between horizontal homotopy fibres is an isomorphism in high degrees. Therefore, 
the map on vertical homotopy fibres is an isomorphism in sufficiently high degrees. 
Since this map is periodic, it is an isomorphism in all degrees. □ 

Proposition 8.15 (Additivity for GiW). Let (f// ,\J) be a pretriangulated dg cat- 
egory with weak equivalences and duality such that \ 'G . Let sii <Z be a 
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full pretriangulated dg subcategory containing the w-acyclic objects of ^ . As- 
sume that (A, B^) — for all A, B (z Ts^, and that is generated as a 
triangulated category by T^/ and T a^^ . Then the exact dg form functor 

Us^ -^'^ ■.{A.B)^ A®B^ 

induces a stable equivalence of Karoubi- Grothendieck- Witt spectra: 

K(^) ^ GW{n£/) GWi"^). 

Proof. From the proof of ProDOsition l6.81 the functor H^/ — > induces a X-theory 
equivalence. The same argument apphes to show that it induces an equivalence 
of non-connective _fC-theory spectra K. Since it is a GM^-theory equivalence, by 
Proposition 16.81 Theorem 18.141 implies that it is also a an equivalence of Karoubi- 
Grothendieck-Witt spectra GW. □ 

9. Higher Grothendieck- Witt groups of schemes 

9.1. Vector bundle Grothendieck- Witt groups. Let X be a scheme. Write 
Vect(X) for the category of finite rank locally free sheaves on X. Denote by 
sPerf(X) = Ch''Vect(X) the dg cate gory of strictly perfect complexes on X, that 
is, the dg category of bounded chain complexes in Vect(X). This is a closed sym- 
metric monoidal category with tensor product (E>Ox ^^'^ internal horn complex 
Hom*Q^{E,F). As in any closed symmetric monoidal category, an object A of 
sPerf(X) defines a duality 

U ■■ sPerf ^ sPerf (X) : E ^ Hom'o^ {E, A) 

with double dual identification can : given by the formula 

can^(x)(/) = (-l)l-ll/l/(x). 

If A is an invertible strictly perfect complex on X, that is, a shift of a line bundle 
on X, then the double dual identification is a natural isomorphism. 

Let A be an invertible strictly perfect complex on X. Together with the set quis 
of quasi- isomorphisms, we obtain a dg category with weak equivalences and duality 

(9.1) sPerf'^(X) = (sPerf(X),quis,tlA,can'^). 

We say that i G X if i e T{X, Ox)- 

Definition 9.1. Let X be a scheme with an ample family of line bundles such 
that i G X, and let L a line bundle on X. The n-th shifted Grothendieck- Witt and 
Karoubi- Grothendieck- Witt spectra of X with coefficients in L are the n-th shifted 
Grothendieck- Witt and Karoubi- Grothendieck- Witt spectra of (|9.ip for A — L, 
that is. 



GW^"\X,L) 



GT^N(sPerf^(X)), and 



Their homotopy groups are denoted by 



GT/F["l(sPerf^(^)). 



GWP{X,L) = 



n,GW^"'\X,L), and 
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When n = 0, or L = Ox, we may omit the decoration corresponding to it. For 
instance, GW{X) denotes GW^°\X,Ox). 

Remark 9.2. Let X be a fc-scheme with structure map p : X Spec(fc). The 
tensor product 

■^1"' i^fc sPerf^(X) ^ sPerf^["l(X) ■.A(g)kE^p*A ®Ox E 

with duahty compatibihty as in ()1.7p is an equivalence of dg categories with weak 
equivalences and duality. Therefore, the Grothendieck-Witt and Karoubi-Grothen- 
dieck-Witt spectra GV^I"! (X, L) and GW^["1 (X, L) are really the Grothendieck-Witt 
and Karoubi-Grothendieck-Witt spectra of sPerf^'"l(X) (without shift). 

Proposition 9.3. Let X be a scheme with trivial negative K -groups: l^i{X) = 
for z < (e.g., a regular noetherian separated scheme). If € X, then the map 
from the Grothendieck-Witt to the Karoubi-Grothendieck-Witt spectrum is a stable 
equivalence for all line bundles L on X and all n G Z: 

GW^"^{X,L) GW^''\X,L). 

Proof. By assumption, the map K{X) — > K(X) is a stable equivalence. Therefore, 
the lower horizontal map in the square of Theorem 18.141 is a stable equivalence. 
Since this square is homotopy cartesian, the upper horizontal map of that square 
is also an equivalence. □ 

9.2. Products. Let Li, L2 be two line bundles on X and denote by L1L2 their 
tensor product Li ®Ox ^2- Tensor product of complexes defines an exact dg form 
functor 

((8)Ox:Can) : sPerf^i(X) ®k sPerf^=^(X) — )■ sPerf^i^^(X) 

with duality compatibility map can as defined in (|1.7I) . The tensor product is 
associative and unital up to natural isomorphism of dg form functors with unit 
the duality preserving functor k sPerf(X) : k H> Ox. Recall that the functors 
GW : dgCatWD, Sp and GW : dgCatWD^ BiSp are symmetric monoidal, 
and that the natural transformation GW -> GW commutes with the monoidal 
compatibility maps. Therefore, the tensor product of strictly perfect complexes 
induces maps of (bi-) spectra 

GM^t"! {X, Li) As GW^""^ [X, L2) ^ GVK["+™1 {X, L1L2) 

GW^["l(X,Li) As GW^"'\X,L2) ^ GP^["+™l(X,iii2) 
which are associative and unital up to homotopy. Taking homotopy groups, we 
obtain associative and unital cup products 

GM/f 1 {X, Li) ® GM^j™i {X, L2) ^ GWI'II"'^ {X, L1L2) 

Gwt^ {X, Li) ® GW^j"' (X, L2) ^ {X, L1L2) 

which are commutative in the sense that 

T{aUb) = {-ly^ (-I)'"" UfcUa 
for all a € GWl"\x,Li) (or a e GM^f ' (X, Li)), and b e GWl"'\x,L2) (or b e 

GWj™'(X, L2)) where r : L1L2 = L2L1 is the switch isomorphism and (—1) = 
[Ox, — 1] G GWo{X). The proof is the same as the proof of Proposition 15.81 ^nd 
we omit the details. 
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9.3. Functoriality. Let Sch be a small category of schemes, e.g., schemes of finite 
type over some fixed base. Let Sch denote the category whose objects are the pairs 
{X,L) where X is a scheme in Sch and L is a line bundle on X. A morphism 
{X, L) — (F, M) in this category is a pair (/, a) where / : X — )• F is a map 
of schemes and a : /*M = L is an isomorphism. Composition of the two maps 
(/, a) : {X, L) {Y, M) and {g, p) : (F, M) ^ {Z, N) is the pair 

(ff,/3)o(/,a) = (5o/,ao/*(^)oA/,g) 

where A/,g : (gf)* = f*g* is the usual natural isomorphism of functors. The 
higher Grothendieck-Witt groups GW-"^ and GW^'"' are functorial for maps in this 
category. 

More precisely, for a map f : X ^ Y of schemes, the functor /* : sPerf(F) 
sPerf(X) is a symmetric monoidal functor between closed symmetric monoidal cat- 
egories. As such it is equipped with natural maps 

0/ :/*[£;, F] ^ [rE,rF] 

such that, given g lY ^ Z and E,F € sPerf(Z), the following diagram commutes 



rg*[E,F] 



/*<! 



f*[g*E,g*F] 



0/ 



{gfy 



'E,F] 



[{gf)*E,{gfyF] 



^[rg*E,f*g*F] 
[{gfrE,rg*F]. 



Now, a map (/, a) : {X, L) (F, M) in Sch defines an exact dg form functor 
(/,q)* : sPerf^(F) ^ sPerf^(X) :E^f*E 

with duality compatibility map f*[E, M] [f*E, f*M] ^^4 [f*E, L]. Given com- 
posable maps (/, a) and {g,(3) as above, then A/,g defines a natural isomorphism 
of dg form functors 

A/,, :(/,a)*(ff,/3)* = ((ff,/3)o(/,a))*. 

Therefore, the diagrams of Grothendieck-Witt and Karoubi-Grothendieck-Witt spec- 
tra 



(s,/3)o(/,c<) 



(/,") 
GH^["1(X,L) 



(s,/3) 



(s,/3)o(/,ar 



GM^["1(F,M) 
GW^"\X,L) 



commute up to homotopy. In particular, the higher Grothendieck-Witt groups 
GWj'"^ and GVFj"' are functors from Sch to abelian groups. 

Since tensor products of chain complexes commute with /* up to natural iso- 
morphism of dg functors, we have 

ria U 6) = r{a) U e GWll+"'\x) 
for a e GwI"'\y) and b G GWH(F), and similarly for GW in place of GW. 
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Remark 9.4 (Strict Functoriality) . Sometimes it is convenient to have functors 
GW^l"! : Sdi ^ Sp and GPFI"' : Sdi ^ BiSp 

with values in (bi-) spectra before taking homotopy groups. The trouble with the 
functoriality as noted in Remark 19.31 is that the natural isomorphism of functors 
Xf,g : {gfY = f*g* is not the identity. As explained in |FS02[ Appendix C.4], 
if we replace the (somewhat unspecified) category of vector bundles on X with 
the equivalent small category of big vector bundles on X , then we have equality 
^fg ~ • (5/)* = f*9* ■ In particular, the resulting assig nment X H- sPerf^(X) 
is functorial for maps in Sch and we obtain indeed a functor GW^^^ : Sch — >• Sp and 
: Sch ^ BiSp. 

Let Z C X he a, closed subset with open complement X — Z. A complex 
E e sPerf(X) has support in Z if it is acyclic outside Z, that is if for all x £ 
X " Z the complex Ex G sPerf(Ox.a;) is an acyclic complex of Ojf.x-modules. 
We denote by sPerf^(A') the full dg subcategory with weak equivalences and 
duality of sPerf^(X) of those complexes which have support in Z. The n-th 
shifted Karoubi-Grothendieck-Witt spectrum of X with coefficients in L and sup- 
port in Z is the Karoubi-Grothendieck Witt spectrum of sPeTf^{X), denoted by 
GVr["l(X on Z, L). 

The following theorem was proved in [SchlOb] without the assumption ^ E X. 

Theorem 9.5 (Localization for vector bundle Grothendieck-Witt groups). Let X 

he a scheme with an ample family of line-bundles and ^ G X. Let Z <Z X he a closed 
subset with quasi-compact open complement U — X ~ Z . Then for all line-bundles 
L on X and n ^TL, the following is a homotopy fibration 

GW^"\X on Z, L) GW^["1(X, L) GW^"\U, L). 

Proof. By a result of Thomason [TT90j , the sequence of dg categories weak equiv- 
alences and duality 

sPerf|(X) ^ sPerf^(X) ^ sPerf'^(f/) 
is Morita exact. The result follows from the Localization Theorem 18. 101 □ 

Theorem 9.6 (Nisnevich Mayer- Vietoris) . Gonsider a pull-back diagram of quasi- 
compact schemes 

V 

p 

U^-^X 

in which the map p is etale and the map j is an open immersion. Assume that 
X has an ample family of line bundles, and ^ & X (the same is then true for Y , 
U and V). If the map p : {Y ~ V)red — ^ [X — U)red is an isomorphism, then for 
all line bundles L on X and all n G Z the square of schemes induces a homotopy 
cartesian diagram of Karoubi-Grothendieck-Witt spectra 

(GT4^["1 {X, L) ^ Giy["l {U, L) 



GVFW (Y, L) ^ GW^W {V, L). 
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Proof. Let Z denote the common closed subset {Y — V)red = {X — U)red of X 
and Y. By a result of Thomason }TT90| Theo rem 2.6.3], the map p induces a 
quasi-equivalence of dg categories 

p* : sPerfz(X) ^ sPerfz(r). 

The result now follows from Theorems 18.91 and 19.51 □ 

Theorem 9.7 (Nisnevich descent). Let X he a noetherian scheme of finite Krull 
dimension with an ample family of line bundles and ^ ^ X. Then for all line 
bundles L on X and all n G Z, the map on global sections of a globally fihrant 
replacement for the Nisnevich topology o/(GW^["i( ,L) on the small Nisnevich site 
on X is a stable equivalence: 

Giy["l (X, L) ^ m^.s (X, ( , L)) . 

Proof. This follows from the Nisnevich Mayer- Vietoris Theorem 19.61 using for in- 
stance a spectrum version of |MV991 Lemma 1.18]. Alternatively, the same argu- 
ments as in |TT90[ Theorem 10.8] using Theorem 19.61 yield the result. □ 

Theorem 9.8 (Homotopy Invariance). Let X be a noetherian regular separated 
scheme with ^ G X. Then for all line bundles L on X and all n g Z, the projection 
p : X X — > X induces a stable equivalence of Grothendieck- Witt spectra 

GW^["l(X,i) ^ G'VF["1(X X A\p*L). 

Proof. The analogous statement for ii'-theory and triangular Witt groups hold, by 
|Qui73| and |BalOH Theorem 3.4]. The theorem follows from Theorem 17.61 or from 
Lemma 16.41 □ 

Theorem 9.9 (Mayer- Vietoris for regular blow-ups). Consider a pull-back diagram 
of schemes 

Y'^-^X' 

q p 
Y '-^X 

in which the map i is a closed immersion and the map p is the blow-up of X along 
i. Assume that X has an ample family of line bundles, and G X (the same is 
then true for Y , X' and Y' ). If the map i is a regular embedding of codimension 
d, then for all line bundles L on X and all n ^ 1, the square of schemes induces a 
homotopy cartesian diagram of Karoubi- Grothendieck- Witt spectra 

GM/["1 {X, L) ^ GM^["1 [Y, L) 



GVl^W(x',i) ^GW^["l(y,i). 

Proof. The claim is local in X, by Theorem 19.61 Therefore, we may assume 
X and Y affine and L = Ox- To ease notation, write Dx for the triangu- 
lated category TsPerf(X), and similarly for Y^ X', Y' . So, Dx and Dy are 
generated as idempotent complete triangulated categories by Ox and Oy, re- 
spectively. Recall (e.g., from |CHSW08l Lemma 1.4]) that the triangle functors 
Lp* : Dx -> Dx', Lq* : Dy Dy and RjtLq* : Dy Dx- are fully faithful. 
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Write Lp*d''P and Rj^:Lq*DY^ for the triangulated categories Ox'{k) ® Lp*Dx 
and Ox'{k) ® Rj^Lq*DY- 

For triangulated subcategories Ait-.tAu of an idempotent complete triangu- 
lated category A, we denote by (^i, ...,An) the idempotent complete triangulated 
subcategory of A generated by y^i, An- From the exact triangle in Dx' 

Ox'{l) ^ Ox' ^ Rj.Oy' ^ Ox'(l)[l], 
we obtain the equality of triangulated subcategories of D{X') 

(9.2) {Ox'{l)®Lp*Dx: Rj.Lq*DY) = (Ox'il) Lp*Dx, Lp*Dx) 

since the generators Ox'(l) and Rj^,OY' of the left hand side are in the right hand 
category, and the generators Ox'(l) and Ox' of the right hand side arc in the left 
category. If wc denote by V the duality functor E i-^ E'^ = Hom(i?, Ox' ) in Dx', 
then applying V to the equality of triangulated subcategories yields the equality 

(9.3) {Ox'{-l)(SLp*Dx, {Rj,Lq*DYY) - {Ox'{~l) ® Lp* Dx, Lp*Dx). 
For c = [^^J the largest integer < let A be the triangulated subcategory 

A = ^Rj,Lq*D'f^\...,Rj^Lq*D^f''^'^ 

of Dx' ■ From the equalities of triangulated categories above, we obtain the equal- 
ities of triangulated categories 

{^Lp*D^^\ Rj,Lq*D^^-^\ Rj,Lq*D'^-^\...,Rj,Lq*DY) 
^ {Lp*D^^\Lp*Dt'\...,Lp*Dx) 
^ l{Rj.Lq*D^-^)\...,{Rj.Lq*D^y^^)\ Lp*Dx) 

= (^^ Lp*Dx) 
From [CHSWOSi Lemma 1.2 (1)], this implies 

Dx' = Ox'{c)®Dx' 

= Ox'{c)®/^Lp*Dx, Rj.Lq*D^y^\ Rj.Lq* D^-^\ Rj.Lq* D^y''+'^) 

- Lp*Dx, A, 

where the last term [Rj,,Lq* d'^'^^^^] denotes Rj^Lq* d'^'^^^^ if d — 1 is odd and 
if d — 1 is even. As noted in the proof of [CHSWOSl Proposition 1.5], every map 
from objects of 

(^^, Lp*Dx) = (lp*D^^\ Rj,Lq*D'^-^\...,Rj,Lq*DY) 

to objects of 

(Rj.Lq*D^y-'\...,Rj,Lq*D^y'-''+''>) = 

is zero. 



Rj^Lq*D^y^ 



Rj,Lq*D^Y'' 
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Similarly, let B be the triangulated subcategory 
of Dy- From |CHSW08| Lemma 1.2 (2)], we have 



,Lq*Di.''> 



Dy = (B\ Lq*DY, B, 



and every map from objects of {B'^ , Lq* Dy) to objects of {B, [Lg*!?^ ^ ^']) are 
zero. From |CHSW08l Proposition 1.5] and the fact that Lj* commutes with du- 
alities (up to natural isomorphism), we see that Lj* sends {Lp*Dx,A), Lp*Dx 
and {X^,Lp*Dx) to {Lq*DYB), Lq*DY and {B'^,Lq*DY). So, we have a map of 
filtrations of triangulated categories and dualities 



(9.4) 



Dx 

Li' 

Dy 



Lp* 



Lq' 



Lp*Dx ^ ^{A'',Lp*Dx,A) C ^ Dx' 

Lj' Lj' Lj' 

Lq*DY C ^{B\Lq*Dx,B) C ^ Dy 



To this diagram corresponds a diagram of dg categories with weak equivalences and 
duality 



(9.5) 



sPerf(X) 



sPerf(r) 



■sPerf°(X') C ^sPerf^X') 



■ sPerf (X') 



sPerf°(r') C >-sPerf^(y') 



■ sPcrf (F') 



where sPerf (X') C sPerf(X') and sPerf (F') C sPerf(r') arc the fuU dg sub- 
categories whose objects are in the triangulated subcategories of Dx' and Dy' as 
indicated in diagram (|9.4p , so that the triangulated category diagram obtained from 
(19. 5p is precisely the diagram (|9.4p . 

I claim that all squares in (j9.5p induce homotopy cartesian squares of GW- 
spectra. As a composition of homotopy cartesian squares, the outer diagram will 
then induce a homotopy cartesian of GW^-spectra as claimed in the theorem. The 
left square of (19.51) induces a homotopy cartesian square of GW^-spectra, by the 
Invariance Theorem 18.91 applied to the two horizontal arrows. 

For the middle square of (19. 5p . the Localization Theorem 18.101 identifies the 
horizontal homotopy cofibres as the GVF-spectra of the dg categories with weak 
equivalences and duality (sPerf^(X'), u) and (sPerf^(y), w) where the weak equiv- 
alences are the maps whose cones are in Lp*Dx and Lq*DY. Let (sPerfo(X'), w) C 
(sPerf^(X'),w) and (sPerfJ(F'), ^) C (sPerf J(y'): be the full dg subcategories 
with weak equivalences and duality corresponding to the triangulated categories 
{Lp*Dx,A)/Lp*Dx and {Lq* Dy , B) / Lq* Dy ■ By the Additivity Theorem EISl 
we have 

GW{sPeii\X'), v) ~ K(sPerfJ(X'), w), GW{sPerf{Y'), v) ~ K(sPerfJ(y'), ^^)- 

By |CHSW08( Proposition 1.5], the induced map on K -theory j* : K(sPerfJ(X'), v) - 
]K(sPerfJ(y'),w) 

is a stable equivalence. Therefore, the middle square in ()9.5p in- 
duces a homotopy cartesian square of GVF-spectra. 
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The last square in ()9.5|) induces a homotopy cartesian square of Giy-spectra, 
by the Locahzation and Invariance Theorems 18.101 and 18.91 since Lj* induces an 
equivalence after taking horizontal triangulated quotient categories, by [CHSW081 
Proposition 1.5]. □ 

9.4. Projective line-bundle formula. Write = Proj(fc[5, T]) for the projec- 
tive line Pj, over k where k is our base ring, e.g., k = Z[l/2]. Consider the category 
Vect(P^) of vector bundles on equipped with the usual duality Hoin( ,Opi). 
Recall (Section [1.7p that this makes the category Fun([l], Vect(P^)) of morphisms 
in Vect(P"'^) into a category with duality. In that category, we have an object 
S : Oii>i(— 1) — > Opi (multiplication by S" G k[S,T]) equipped with the symmetric 
form /? 

Opi(-l)^^Opi 



Opi ^Opi(l) 

(multiplication by T). We consider /3 as a symmetric form in the dg category 
Fun([l],Ch Vect(P^)) of morphisms of chain complexes via the embedding Vect(P^) - 
Ch Vect(P^) as complexes concentrated in degree 0. Its image under the cone dg 
form functor 

Cone : Fun([l], Ch*" Vect(pi))["l (ch*" Vect(pi)y^' 
is denoted by /3. In view of the exact sequence 

Opi(-l) ^ Opi ©Opi Opi(l), 

the form on /? is a quasi-isomorphism of complexes of sheaves on P"'^. Therefore, /3 
is non-degenerate and defines an element 

f3 = Cone(/3) G GW^^\P^). 

Theorem 9.10. Let X be a scheme with an ample family of line bundles and 
^ G X , and denote by p : ¥^ — > X the strueture map of the projective line over X . 
Then for all line bundles L on X and all n E Z, the following are natural stable 
equivalence of (bi-) spectra 

GH/["l(x,L) ® GH/["-il(^,i) ^ GW^''\f\,p*L) 
GM^["l(X,i) ©GVK["-il(X,i) ^ GI^["l(pif,p*i) 
(x,y) ^ p*{x)+pyjp*{y). 

Proof. The triangle functor p* : TsPerf(X) TsPerf(P^) is fully faithful, and 
/? induces an equivalence (i® : TsPerf(X) — >• T'sPerf(P^)/p*7'sPerf(X) of trian- 
gulated categories. This is classical; see for instance |Tho93aj . jSchllj Theorem 
3.5.1]. Denote by w the set of morphisms in sPerf(P]^) which are isomorphisms in 
rsPerf(P3f)/p*rsPerf(X). By Theorems |62] and [STOl the sequence 

(sPerf(X),quis) ^ (sPerf(P]f ), quis) — > (sPerf (P^), 
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induces homotopy fibrations of GW^^"' and GM^^"' -spectra. By Theorems 16.51 and 
18.91 these sequences split via the exact dg form functors 

(sPerf(X),quis) (sPerf (P^), quis) — > (sPerf (P^), w) 

whose composition induces an equivalence of associated triangulated categories, 
and hence GW and GW^-equivalences. □ 

Remark 9.11. Walter proved in |Wal03a| projective bundle formulas for the zero- 
th Grothendieck Witt groups GWq^\¥ x {(S")) for arbitrary vector bundles (o over 
X. His results immediately generalize to the higher Grothendieck- Witt groups 

GW}"\Pxi<^)) and Gw}"\Px{'^))- 

Lemma 9.12. Let k be a commutative ring with ^ G fc. Then the element (3 £ 

GW^q"'^' (P^) is zero when restricted to the principal open subsets D^{S) — Spec(fc[r/S'] 
and D+{T) = Spec(fc[S'/r]) o/pi = Proj(fc[S', T]). 

Proof. It suffices to prove the claim for k — Z[l/2] as (3 over k is obtained from 
/? over Z[l/2] via base change along Z[l/2] k. In any case, it is clear that 
P\D^(S) — as it is a form on a contractible complex. For the other restriction, 
write U — S/T, so D-\.{T) = Specfc[J7]. Note that (3\d^{t) is supported on the 
closed subset ?7 = of SpecA;[?7], that is, it is in the image of the left horizontal 
map in the following diagram 



GW^^\k[U] on [/ = 0) ^Gw}^\k[U]) ^ Gw}^\k[U,U-^]) 




The top row of the diagram is exact, by the Localization Theorem 19.51 and the 
middle vertical map is an isomorphism, by Homotopy Invariance (recall that k — 
Z[l/2] is regular). Therefore, the right horizontal map is injective, and the left 
horizontal map is the map. In particular, /3|£)^(t) =0 □ 

In the following theorem, denote by X[T+] = D+{S) ^ A]^ and X[T-] = 
D-f-{T) = the two principal open subschemes of the standard covering of 
= K Xfe Proj(A;[5,r]) given by S* 7^ and T ^ 0, and let X[T^] be their 
intersection. For a line bundle L on X we also denote by L the line bundle on 
X[T+], X[T~] and X[T^] induced from L via the pull back along the projections 
p : X[T+], X[T-], X[T^] X. 

Theorem 9.13 (Bass' Fundamental Theorem). Let X be a scheme with an ample 
family of line bundles and € X . Then for all line bundles L on X and all integers 
n,i G Tj, there are natural exact sequences 

O^Gwt\x,L) ^"^^ GW^'"l(X[T+],L)©Gwfl(X[r-],i) 

GWI"\X[T^],L) 
A GW^i"7'l(X,i) ^0. 

Proof. To ease notation we will omit the line bundle in our notation. From the Nis- 
nevich Mayer- Vietoris Theorem 19.61 applied to the open covering X[T+] UX[T^] = 
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Vx ^iid the Projective Line Bundle Theorem 19. 101 we obtain a homotopy cartesian 
square 

GW^["1 (X) © GVK["-i1 (X) ^^^^ ^ > GW^["1 {X[T+]) 

(p*,/3Up*) 

GiyM(X[r-]) ^ GTy["l(x[T±]). 

By LemmaEia the element /3 e GW^,i^' (Pz[i/2]) is zero in GW^^\z[l/2][T+]) and 
GVrW(Z[l/2][r-]). Therefore, the two maps /3U39* : GMK["-i1(X) ^ GW^N(x[r+]) 
and/3Up* : GW^["-il(X) ^ GM^I"! (X[T-]) are null-homotopic. Since the two maps 
: GVFW(X) -I. GH^N(x[r+]) and p* : GWN(x) GVP^W(x[T"]) are (split) 
injective, the long exact sequence of homotopy groups associated with the homotopy 
cartesian square decomposes into the exact sequences as in the theorem. □ 

Remark 9.14. The exact sequences in Theorem 19.131 are split. Splitting of the 
first non-trivial map in the sequence is clear, and the last non-trivial map is split 
via the cup-product with [T] e GH/f (Z[l/2][r±]). 

As in Bass' formalism of contracted functors, it follows from Theorem 19. 131 that 
one can define the functors GW/"' on schemes for i < and all n e Z inductively 

In] 

by starting with the functors GW^q , ri G Z. 

9.5. Coherent Grothendieck-Witt groups. There are many results about the 
triangular Witt groups of coherent sheaves, notably due to Stefan Gille. With our 
results in Sections [6] and [3 they immediately generalize to higher Grothendieck- 
Witt groups. In what follows, we will state and prove a few of them. 

Let X be a noetherian scheme, and denote by Qcoh^(X) and Coh''(X) the dg cat- 
egories of bounded complexes of quasi-coherent and coherent Ox-modules. These 
are closed symmetric monoidal categories under tensor product and internal ho- 
momorphism objects of quasi-coherent sheaves. In particular, any object A of 
Qcoh''(X) defines a duality functor 

U ■■ Qcoh\xyP Qcoh''(X) : E ^ Hom'o^{E,A) 

with double dual identification can"^ : E iJttAtJA given by the formula 

can^(x)(/) = (-l)l-ll/l/(.T). 

Denote by Qcoh^(X) C Qcoh''(X) the full dg subcategory of those bounded com- 
plexes of quasi-coherent Ox-modules which have coherent cohomology. Recall that 
a dualizing complex on X is a bounded complex /* of injective quasi-coherent 
Ox-modules such that for every E E QcohJj(X), the double dual identification 
can^ : E E^'''^'' is a quasi- isomorphism. By |Har661 p. 258], this only needs to 
be checked for E — Ox- 

If X is a noetherian scheme with a dualizing complex /*, we have a dg category 
with weak equivalences and duality 

(9.6) (Qcoh^(X),quis,tt7.,can^*). 

Definition 9.15. Let X be a noetherian scheme over Z[l/2] with dualizing complex 
/* . The n-th shifted coherent Grothendieck- Witt spectrum of X with coefficients in 
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/* is the n-th shifted Grothendieck-Witt spectrum 

of the dg category with weak equivalences and duahty (|9.6|) . The n-th shifted 
coherent Grothendieck- Witt groups of X with coefficients in /* are the homotopy 
groups of G'l^["l(x,/'): 

GW^["1(X,/') = 7r,GW^["l(X,r). 
As usual, if n = 0, we omit the label corresponding to n. 

Remark 9.16. Strictly speaking, the category Qcohj!(X) is not small (not even 
essentially small), in general. To obtain an honest spectrum, one would have to 
replace the category Qcoh[!(X) by a small full dg subcategory closed under the 
duality such that the inclusion into Qcoh|!(X) induces an equivalence of associated 
triangulated categories. It is easy to see that one can always do that, one only 
needs to bound the size of the quasi-coherent sheaves involved by a sufficiently 
large cardinal. By Theorem 16.51 the choice of such a subcategory does not matter. 

Remark 9.17. As in Definition 19. 151 one can define a coherent Karoubi- Grothen- 
dieck-Witt spectrum GW^["1(X,/') as the (GW^["l-spectrum associated with (j^ . 
Then the comparison map 

is a stable equivalence, by Theoreni l8.14l because the negative X-groups ofQcoh|;(X) 
vanish. This is because the inclusion Coh (X) C Qcoh^(X) induces an equivalence 
of associated triangulated categories, and Coh''(A') has trivial negative X-groups, 
by |Sch061 Theorem 7]. So, there is no need to develop a GW^-theory for coherent 
sheaves. 

Let X be a regular noetherian separated scheme. Then any coherent Ox-module 
has a finite injective resolution. Any finite injective resolution p : Ox I' of the 
structure sheaf Ox defines a dualizing complex /* on X. Moreover, the inclusion 

(9.7) (sPerf(X),quis,tlox,can°-^) — > (Qcoh^(X) , quis, , can ) 

defines an exact dg form functor with duality compatibility map 

Hom'o^ {E, Ox) ^ Hom'o^ {EJ'):f^pof. 

Theorem 9.18 (Poincare duality). Let X he a regular noetherian separated scheme 
with i e A", and let p : Ox I* be a finite injective resolution of the structure 
sheaf Ox ■ Then the exact dg form functor 7| ) induces a stable equivalence of 
Grothendieck- Witt spectra 

GVF["1(A) ^ GW^["1(A,/'). 

Proof. Recall that for a regular noetherian separated scheme X, the inclusion 
sPerf(A) C Coh''(A) induces an equivalence of associated triangulated categories. 
This is classical. For a proof, see for instance |Schlll Theorem 3.3.5]. Since for any 
noetherian scheme, the inclusion Coh''(X) C Qcoh^(A) induces an equivalence of 
associated triangulated categories, the result follows from the Invariance Theorem 

inn □ 
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Let X be a noetherian scheme with duahzing complex /*. Let i : Z ^ X he 
a closed immersion with open complement j : U = X — Z ^ X . Then is a 
dualizing complex on U, and we obtain an exact dg form functor 

(9.8) j* : (Qcoh^(X),quis, tt/.,can) — > (Qcoh^(F), quis, ftj./. , can) 
with duality compatibility map the usual isomorphism 

rHom'ojE,Ox) ^ Hom'oJj*E,j*n. 
Similarly, the complex of quasi-coherent O^-modules 

i^I' ^ Hom'o^{i,Oz,I') 

is a dualizing complex for Z [Har66[ p. 260], and we obtain an exact dg form 
functor 

(9.9) : (Qcoh[!(Z), quis, fjjbj. , can) — > (Qcoh^(X), quis, jj/. , can) 
with duality compatibility map the isomorphism 

i,Hom'o^{E,i^r) = Hom'o^ii,E,Hom'o^{i,Oz,n) ^ Hom'o Ji,.E,P) 
induced by the map Ox — > i*Oz- 

Theorem 9.19 (Localization for coherent Grothendieck-Witt groups). Let X he 
a noetherian scheme with dualizing complex I*, and let i : Z ^ X be a closed 
immersion with open complement j: U = X — Z^X. If ^ E X , then for all 
rt G Z, the exact dg form functors i9.8\) and 119. 9\) induce a homotopy fihration of 
coherent Grothendieck- Witt spectra 

Gw^'^Hz^i'i') ^ Gw^'^\x,r) ^ Gw^["i(c/,j*r). 

Proof. Denote by Qcoh^(X on Z) the full dg subcategory of Qcoh|!(X) consisting 
of those complexes which are acyclic when restricted to U . It inherits the structure 
of a dg category with weak equivalences and duality from (|9.6p . The sequence 

(Qcoh^(X on Z),quis) — > (Qcoh^(X), quis) — > (Qcoh^(C/), quis) 

is Morita exact. See for instance [Schllt Theorem 3.3.2]. By the Localization 
Theorem 16.61 the sequence induces a homotopy fibration of GVF["l-spectra. 

The exact dg form functor (|9.9|) factors through Qcohj!(X on Z), and we obtain 
the exact dg form functor 

it: : (Qcoh|!(Z), quis, ttjb J. , can) — > {Qco]\.{X on Z), quis, jj/. , can). 

This functor induces isomorphisms on iiT-groups and triangular Witt groups, by 
the results of |Qui73| and |Gil07[ Theorem 3.2]. By the Karoubi Induction Lemma 
16.41 or by Theorem 17. 6[ it induces an equivalence of CVF^"' -spectra. □ 

10. BOTT-PERIODICITY 

Let A be a topological ring (with involution) such that 

(*) the group of units A* C A is open in A and the map A* -> A* : a H> 
is continuous. 
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For instance A could be a Banach algebra with involution. For a topological space 
X, the space of continuous maps A{X) = Map(X, A) in Top is a topological ring 
(with involution) with point- wise addition and multiplication (and involution). If 
X is compact and A satisfies (*), then A{X) trivially satisfies (*). Moreover, if 
A satisfies (*), then so does M„(A) for all n > 1 jSwa771 Corollary 1.2]. Denote 
by Top(,pt the category of compact topological spaces, and by Ab the category of 
abelian groups. 

The following lemma is well-known (at least in the Xo-case) . We give a proof at 
the end of this section. 

Lemma 10.1. Let A be a topological ring (with involution if appropriate) satisfying 
(*). Then the following functors are homotopy invariant, 

Top,pt ->Ah:X^ Ko{A{X)),GwI;'\A{X)), 

that is, they send homotopic maps to the same map. In particular, if X is a 
contractible compact topological space, then the map of algebras A A(X) induced 
by X pt yields isomorphisms 

Ko{A) - Kn{A{X)), 
GW^"1(A) = Giy^"'(A(X)). 

Let ^ be a Banach algebra (with involution). Let A"qp be the standard topo- 
logical n simplex. This is a contractible compact topological space. Varying n we 
have a cosimplicial space n A^^^, hence a simplicial Banach algebra AA^^p. We 
set 

K,op{A) = \k(aa;j\ 

GW,lp{A) = |GT4^"(^A*„^)|. 

These are symmetric spectra, and module spectra over GW{M.). Recall that for 
e = ±1, we may write eGW{A) instead of GW^-^+'^''{A). 

For a spectrum Z, write il°°Z G Top for the infinite loop space associated with 
Z, that is, the zero space Zq of a functorial stable equivalence Z ^ Z into an 
f2-spectrum Z. In particular, tt^Z — TTifl°°Z for i > 0. 

Proposition 10.2. There are canonical homotopy fibrations of spaces 
BGl'°PA n°°Ktop{A) Ko{A) 

B,0'^%{A) ^ n^,GWtop{A) ^ eGWo{A), 

where G*°^ denotes the group G with its usual Euclidean topology. In particular, 
Ktop{A) and ^GWtopiA) are the usual topological K-theory and e-hermitian 
K -theory spaces of A. 

Proof. We only explain the hermitian if-theory case, the if-theory case being sim- 
ilar. By Lemma llO.ll and l4.6[ the simplicial groups 

i^TToGW^'^^iAA') 

are constant. Therefore, the Bousfield-Friedlander Theorem jBF78| implies that 
the following canonical map is an equivalence 

\n^Gw^-\AAip)\ ^ n°-\Gw^-\AAip)\ = n°^Gwl:l{A). 



82 



MARCO SCHLICHTING 



By Corollary IX2I Lemma fnTTl and the Bousfield-Friedlander Theorem |BF78j . 
the homotopy fibre of n°°eGWtop{A) eGWo{A) is therefore |BeOoo,oo(^A*)+|. 
Consider the zigzag of maps 

i3|Sing,,0*^P^(A)| = |i?Sing,,0*^P^(A)| - \B,0^^^iAA;j\ 

-^|SsOoo,oo(AA*„p)+|. 

For a topological group G, the simplicial space BG is good in the sense of |Seg74| 
if G is well-pointed (at 1 G G). Thus, both maps in the diagram are maps of good 
simplicial spaces which are degree- wise homology isomorphisms. Hence, both maps 
are homology isomorphisms (after realization) . Since all spaces in the diagram are 
nilpotent spaces (in fact iZ-spaces), the homology isomorphisms are in fact weak 
equivalences. □ 

Theorem 10.3. Let A be a Banach algebra with involution. Then the sequence 

GWI:1{A) A K,^,iA) ^ GwI:;'Ha) ^S^A GWI:1{A) 
is an exact triangle in the homotopy category of spectra. 

Proof. This follows from Theorem 16. II □ 

Remark 10.4. From our definitions. Lemma FlO. 11 and Theorem 110.31 we have for 
z < the following: 7roGWl'^l{A) - GWi;'\A), TT,Ktop{A) = 0, and ^iGWi;l(A) = 
GwI"'\A) = W-'iA). 

10.1. Classical Bott periodicity. As in the proof of Theorem l6.21 Theorem 1 10. 31 
implies the topological version of Karoubi's fundamental theorem 

(10.1) -eVtop{A) ^ n,Ut,p{A) 

where Vtop and Utop are the homotopy fibres of the topological forgetful and hy- 
perbolic functors F : Vl'^eGWtopiA) -> n°°KtopiA) and H : n°°Ktop{A) 
n^,GWt,piA). 

Consider R and C as Banach algebras with trivial involution, and consider 
the quaternions H as Banach algebra with its usual involution sending fc to 
— i, —J, — fc, respectively. Then we obtain 

V{R) - Z X BO V^(C) - U/0 V{m) - Z X BSp 

u{m.) - o u{c) - 0/u c/(H) - Sp 

_y(M)~0/J7 _T/(C)-[//5p ^V{m) r^Zx Sp/U 
_C/(M) - U/O _C/(C) - Sp/U _C/(H) - U/Sp 
in view of the classical homotopy equivalences 

On ^ GlniR) Un G/„(C) Spn A G?„(H) 

(K) 0,n+n ^ Om,„(C) Spm X Spn ^ 0„i,„(]HI) 
Un SpniR) Spn Spn{C) Un Spn{U) 
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induced by the polar decompositions of GZ„(K), G'Z„(C) and G'Z„(H). Using the 
topological version of Karoubi's Fundamental Theorem ()10.1|) . we obtain the fol- 
lowing table of homotopy equivalences 









O - f7(Z X BO) 


_y(M) r- 






O/U - l^O 


_y(c) ^ 




-[/(C) 




+y(H) r. 




M(m) 


Z X BS-p - W/Sp 








Sp^Q{Zx BSp) 


_T/(H) r- 




-C/(H) 


Sp/u - nsp 






-C/(C) 


U/0 - f^S-p/iJ 


+V{R) ^ 




-C/(M) 


zx BO ^ m/o 



which yields the homotopy equivalence 

Z X BO - n^{Z X BO). 

Using the complex numbers C with its usual involution i ^ —i, the topological 
version of Karoubi periodicity yields 

Zx BU ^ V?{Z X BU). 
Proof of Lemma \10.1\ To simplify, write GW generically for one of the functors 

In] 

GWq 01 Kq. We need to show that the projection X x I ~> X induces an 
isomorphism GW{A{X)) GW{A{X x /)). Since A{X xl) = A{X){I), and A{X) 
satisfies (*) when ever A does and X is compact, it suffices to prove the case when X 
is a point. Any point a; : pt / of / induces a map x* : GW{A{I)) GW{A) such 
that the composition GW{A) GW{A{I)) GW{A) is the identity. Therefore, 
what we really have to show is the surjectivity of the map GW{A) GW{A{I)). 
For a ring A (with involution), denote by ViA) the category of finitely generated 
projective ^-modules, and denote by M{A) the category 

M{A) = (wGh''V{A)^^ 

of symmetric spaces in the dg category C}i''P{A) with weak equivalences the chain 
homotopy equivalences and duality Hom( , A[ri]). We will show that the functors 
ViA) P{A{I)) and M{A) M{A{I)) are essentially surjective on objects. 
Clearly, this implies the surjectivity of the map GW{A) — > GW{A{I)) as both 
groups are generated by the isomorphism classes of objects in M{A) and M{A{I)), 
respectively (or in V{A) and 'P{A{I)) in the ii'o-case). 

By a version of the Serre-Swan theorem, the category P{A{I)) of finitely gen- 
erated projective ^(/)-modules is equivalent to the category Yect a{I) of locally 
trivial ^-module bundles with fibres in P{A). This is similar to |Swa62 ' and fol- 
lows for instance from (Swa77i, §1]. Therefore, the set of A(/)-module isomorphisms 
F ^ E e V{A{I)) is the set of sections of the locally trivial bundle Iso{E, F) ^ I 
of isomorphisms between the associated ^-module bundles E,F E Vect a{I)- Any 
locally trivial map into a paracompact space is a fibration. Thus, by contractibility 
of /, if Iso{E, F) ^ I has a section over one point, it has a global section, that 
is, if -E and F are isomorphic over one point in /, then they are isomorphic A{I)- 
modules. In particular, any E S V{A{I)) is isomorphic to Eq ®a A{I), and the 
functor ■P(A) V{A{I)) is essentially surjective. 
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The same argument applies to show that Ai{A) Ai{A{I)) is essentially sur- 
jective using the equivalence 

M{A{I)) = (w Ch'' P{A{I))^ ^ = (wGh^YectAil))^ 

and the fact that a bundle of chain complexes is the same as a chain complex of 
bundles. Given two objects E,F of A4{A{I)). These are bounded chain complexes 
in V{A{I)) equipped with symmetric chain homotopy equivalences. Assume that 
the components Ei, Fi oi E, F are zero outside [a,b], for some a < 6 G Z. Then the 
set of isomorphisms £' — > F in Ai{A{I)) is the set of sections of a locally trivial con- 
tinuous map Iso{E,F) -> / which is the subbundle of Y\a<i<b-^^^i-^i'-^i) °f those 
isomorphisms which commute with differentials and forms. Again, Iso{E, F) ^ I 
is a fibration with contractible target and thus has a global section whenever it has 
a section at a point. As above, this implies that the functor M{A) — > M.{A{I)) is 
essentially surjective. □ 

Appendix A. Homology of the infinite orthogonal group 

A.l. Group completions. Let A be a homotopy commutative iJ-space. A group 
completion of X is an i?-space map f : X ^ Y into a homotopy commutative 
i?-spaces Y such that ttqY is a group and such that the map 

{ttoX)~^H4X,Z) H4Y,Z) 

induced by / is an isomorphism. If (J5^, ©, 0) is a symmetric monoidal category such 
that all translations ©i? : —i' : A ^^ A (B B are faithful, Quillen constructs 
a symmetric monoidal category 5^~^S^ and a monoidal map S^~'^S^ which 

induces a group completion of associated classifying spaces |Gra76[ Theorem, p. 
221]. If (^,©,0) is a symmetric strict monoidal category (up to equivalence of 
categories, this can always be achieved |May74| ), a group completion is also the 
map BS^ — i> ^BS^ where BS^ is the Bar construction (classifying space) of the 
topological monoid B5^ |May75| . The two group completions are equivalent via 
the zigzag ^IBS^ VlBS^~^5^ BS^~^S^ of homotopy equivalences. 

Let (A., *, 77) be an additive category with duality. Inclusion of degree zero sim- 
plices yields a map {iA)h — > {iTl,A)h such that its composition with {iTZ,A)h 
iStA as in (j4.ip is the zero map. Therefore, we obtain an induced map into the 
homotopy fibre of the last map 

(A.l) {iA)h \i'Jl.A\ X pt ^ n°°GWiA). 

\iS.A\ 

where the second map is a weak equivalence, by |SchlOb[ §6 Proposition 6] and 
Proposition EH In |Sch04j . we have shown that this map is a group completion 
if 2 is invertible in A. Our proof in |Sch04) uses Karoubi's Fundamental Theorem 
[KarSOj . The purpose of this section is to give a direct proof of that fact avoiding the 
Fundamental Theorem, so that our proof of Theorem 16.21 gives not only a general- 
ization but also a new proof of Karoubi's theorem and its topological counter-part, 
classical Bott periodicity; see Section [TUl 

Theorem A.l. Let {A, *,ri) be a split exact category with duality such that ^ A. 
Then the natural map HA . 1\) is a group completion. In particular, there is a natural 
homotopy equivalence 

{iAh)-\iAh) ^ n^GW{A). 
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The proof of theorem lA.ll occupies most of this section. Before going into the 
details we derive the statement that makes the hnk between the homology of the 
infinite orthogonal group and higher Grothendieck-Witt groups. For that, let R be 
a ring with involution r i— f and e = ±1. We denote by 

,^{R) = (^(i?),*,£can). 

the additive category with duality, where ^{R) is the category of finitely generated 
projective right i?-modules, the dual P* of a right i?-modulc P is the left i?-module 
P* = Hom_R (P,i?) considered as a right module via the involution, and canp : 
P P** is the double dual identification with canp(x)(/) = f{x). The associated 
category {i^^P{R))h is the usual category of non-degenerated e-symmetric bilinear 
forms on finitely generated projective i?-modules with isometrics as morphisms. 
We denote by ^GW{R), the Grothendieck-Witt spectrum 

eGW{R) = GW{^{R),*,ec!m). 

By Theorem lA.il its i7°°-space is a group completion of {ie^{R))h- Let 

eO{R) = colim„Aut{^H{R")) 

denote the infinite e-orthogonal group of R, where Aut{^H{P)) denotes the group 
of isometrics of the e-hyperbolic space eH{P) — {P(BP*, ( ^ °an o )) ^^'^ ^^e inclusion 
Aut{^H{R")) AutieH{R"+^)) is induced by the functor _L eHiR). 

Corollary A. 2. For any ring with involution R such that ^ G i?, there is a natural 
homotopy equivalence 

B,0{R)+ ^ eGW{R)a 

where eGW{R) denotes the connected component ofO of the space r2°° i,GW{R) 
and B^O{R)^ is Quillen's plus construction applied to Bi;0{R). 

Proof. By Theorem lA.li the space r2g° i.GW{R) is a group completion of {ieS^{R))h- 
The proof now is the same as in }Gra76| Theorem, p. 224]. The main point is that 
if ^ G i? then every non-degenerated e-symmetric bilinear form is a direct factor of 
the hyperbolic form ^H{R"') for some n; see also jWeiSll Proposition 3]. □ 

The proof of theorem lA.ll is based on the following proposition. We introduce 
some notation. For an exact category with duality *, 77), the category E{(§) of 
exact sequences in S is an exact category with duality where the dual {E,)* of an 
exact sequence E, = ^ Eq ^ Ei) va S' \s the exact sequence E^ ^ Eq ^ 

E*_i and the double dual identification rjE, is {r]E-i,VEoiVEi)- 

Proposition A. 3. Let A be a split exact category with duality such that ^ E A. 
Then the map F : (iEA)h ~> iA : {Et,ip) E^i of symmetric monoidal categories 
induces a homotopy equivalence after group completion. 

Proof. The functor F has a section, the hyperbolic functor 

n:iA^(iEA)h-- A ^ 7^(A)= l^^y A©A* ^^.'^A, (ry,(,%),l)j 
9 n{g)^(g\lj^-^),{g*)-') 
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which is symmetric monoidal and thus induces an action of iA on (iEA)h in the 
sense of |Gra76j . In view of the Lemma lA.51 ([3]) below, the hyperbohc functor 
induces on ttq an isomorphism of abehan monoids 

ttqCH) : S = TTaiA no{iEA)h- 

To abbreviate, we write S for this monoid. The actions of the symmetric monoidal 
category iA on {iEA)h and on iA induce actions of the abelian monoid S on the 
homology groups of {iEA)h and of iA compatible with F. We will show that the 
localized map 

(A.2) F : S-^H4{iEA)h,k) -> 

is an isomorphism when the coefficient group is fc = Fp, Q. This implies that (jA.2[) 
is an isomorphism for fc = Z, that is, the functor F : {iEA)h ~> iA induces a 
homology (hence homotopy) equivalence after group completion. 

In order to prove that (jA.2| is an isomorphism, we will analyze the spectral 
sequence associated with the functor F : {iEA)h ~^ iA. We first review some 
elementary properties of that spectral sequence in the more general context of an 
arbitrary functor F : B ^ C oi small categories. For that, we fix an abelian group 
k (which we will suppress in most formulas), and write Hp{C) — Hp{C, k) for the 
homology of the category C with coefficients in k. More generally, we write Hp{C, A) 
for the homology of C with coefficients in a functor A : C ^ {ah gps) from C to 
abelian groups. This is the homology of the chain complex associated with the 
simplicial abelian group 

A{C,) 

of chains on NC with coefficients in A. 

Lemma A. 4. (1) Let F : B ^ C be a functor between small categories. There 
is a strongly convergent first quadrant spectral sequence 

Elq{F) = HpiC H,{F i _ )) ^ Hp+,{B) 

with differentials d^^ : E^ ^ — > i?p_„ q+n-i '^'^'^ edge morphism 

Hp{B) ~» E^g c El„ = HpiC Ho{F | _ )) ^ Hp{C) 

the map Hp(F) induced by F on homology. Here, the last map is the 

change-of-coeffcient map sending {F \^ ) to the constant one- object- one- 

morphism category. 

(2) // F' : B' ^ C is another functor, and b : B ^ B' and c : C ^ C are 
functors such that F'b — cF, then there is a map of spectral sequences 
E{b,c) : E(F) — ^ E{F') compatible with edge-maps and which, on E'^-term 
and abutment, is the usual maps on homology induced by b and c. 

(3) Given two pairs of functors bi : B ^ B' , Ci : C ^ C such that F'b^ — c^F , 
i = 0, 1. // there are natural transformations l3 : bo ^ bi and j : cq ^ ci 
such that F'/3b = Jfb for all objects B of B, then the two induced maps of 
spectral sequences agree from the E^-page on: 

E;jbo,co) = E;jbi,ci) : E;^^{F) ^ E;^^iF'), n>2. 
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Proof (Sketch) . The spectral sequence is obtained by filtering the bicomplex ifp,q = 
^ associated with the bisimplicial set X,^, whose p,q simplices is the set 

Xp,, = {Ba ^ ... ^ B„ FB, ^ Co ^ ... ^ Cp \ B, e B, C, G C}. 

The filtration is by subcomplexes K<cn.» C K<cn+i.» C K with {K<cn,»)p,q — Kp^q 
\i p < n and (i^<n,,)p,q = if p > n. As in the proof of Quillen's theorem A 
[Qui73[ §1], the bisimplicial set X,^, is homotopy equivalent to the bisimplicial set 
which is constant in the p-direction and is the nerve N,B of B in the g-direction. 
In particular, the abutment of the spectral sequence computes the homology of B. 
It is straight forward to identify the i?^-term as in ([T]). Functoriality as in ([2]) is 
clear since the pair (6, c) induces a map of the corresponding bicomplexes. The 
edge map for the spectral sequence of the identity functor idc of C is the identity 
map, so that the functoriality in ([2]), applied to the map {F,idc) ■ F — > idc of 
functors, yields the description of the edge map in ([T|). For the somewhat extended 
functoriality in ([3]), one constructs an explicit homotopy between the two maps 

H.iFiCo)^ H,{F'iC',), z = 0, 1, 

of simplicial abelian groups which compute the i?^-terms of the spectral sequences. 
Again this is straight forward, and we omit the details. □ 

We apply the lemma to the functor F : {iEA)h —5- iA and obtain the spectral 
sequence 

(A.3) = Hp{iA, Hq{F !_))=> Hp+q{{zEA)h). 

Every object A of iA induces functors ©7{(A) : {iEA)h {'iEA)h and ®A : 
iA iA compatible with F. By Lemma [A. 41 ([2]), these functors induce a map 
of spectral sequences. Every map A ~> A' m iA induces natural transformations 
S)n{A) ^ S)n{A') and ®A =^ ©A' compatible with F. By Lemma El © , the 
objects A and A' induce the same map of spectral sequences from E^ on. In other 
words, we obtain an induced action of the monoid S on the spectral sequence (jA.3[) 
from E'^ on. Since localization with respect to a commutative monoid is exact, we 
obtain a strongly convergent first quadrant spectral sequence 

(A.4) S-'Elq = S-'Hp{tA,Hq{Fi_)) ^ S'^ Hp+q{{iEA)h). 

In order to analyze this spectral sequence, we will employ the symmetric monoidal 
automorphism 

E : {iEA)h {iEA)h ■ (M, ^ (M, ^'f),9^9- 

Note that F oj^ = F, so that S induces an action of the spectral sequence (IA.3p . 
For every object A in iA, there is a natural transformation of functors 

^o{®n{A)) =^ {®n{A))o^ 

compatible with F. It is induced by the isometry EH (A) = given by the map 

(1/2 0) :AoA*^A®A*. 

Therefore, the action of S on the spectral sequence (jA.3p commutes with the action 
of E on it from the -E^-page on. In particular, E induces an action on the spectral 
sequence (|A.4[) . 
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Lemma A. 5. (1) For every object A of lA, there is an equivalence of cate- 
gories between the comma category [F ], A) and the one-object category 
whose endomorphism set is the set 

{a: A* ^ A\ rja + a* =0} C Hom{A*,A) 

with addition as composition. This is a uniquely 2- divisible abelian group. 

(2) Under the equivalence in (Qp, the automorphism Yi : (F ]. A) ^ (F ], A) 
corresponds to a ^ 2a. 

(3) The functor F induces an isomorphism of abelian monoids 

TT(){iEA)h TToiA. 

i 

Proof. Choose for every inflation M_i >— > Mq in ^ a retraction r : Mq ~» Af_i, so 
that we have ri = 1. For the inflation ( J ) : A A® A* we choose r = ( i o ). The 
choice of these retractions defines for every object 

(A.5) Af^i >^ Mo 4> Ml, iip-i,ipo, fi), M_i 4 A 

of the comma category {F J, A) an isomorphism to the object 

(A.6) A ^ ^"-i^A*, (r;,(oi),l), A^A 

of that category given by the maps 

(A.7) g : ^ A, ( JyZ^) : Mq ^ A © A*, {g*r\i : ^ A\ 

where the map r : Mq M^i is the chosen retraction of i : M_i >^ Mq, the map 
S : Ml — s> is defined as S — ^{(plri)^^^, and /3 : Mi Mj* is the unique map 
satisfying p* (3p = ^ for the symmetric map 4' = fo — p*'fiirir — r*ipip : Mq Mq, 
the existence of (3 being assured since i/ji = 0- Note that the map just defined is an 
isomorphism in EA since it is an isomorphism on subobject and quotient object. All 
these isomorphisms together define an equivalence of categories between {F I A) 
and the full subcategory of {F I A) consisting of the single object (jA.6j) . The 
endomorphism set of (jA.6|) is the set consisting of the maps 

(A.8) 1:A^A, {11):A(BA*^A(BA*, 1 : A* ^ A* , 

where rja + a* =0. Composition corresponds to matrix multiplication, hence to 
addition of the a's. By our assumption ^ £ A, the group Hom{A* , A) is uniquely 
2-divisible, so is the kernel of the map a rj a -\- a* . This proves part ([T|) of the 
lemma. 

The existence of the isomorphism from (jA.5|) to (|A.6[) above (with g = 1) shows 
that every object of (iEA)h is (up to isomorphism) in the image of the hyperbolic 
functor H : iA {iEA)h- Since F o "H — id, this proves (jS]). 

For part ([2]), we note that S sends the object (jA.6p to the object 

(A.9) A^i} A®A*^V.U*, l{rj,{yQ),l), a\a 

for which, according to our choice of r = ( i o) (implying -0 = and (5 = 0), the 
isomorphism (jA.7[) is given by the maps 

1:A^A, {li%):A(BA*^AoA*, 1/2 : A* ^ A* . 
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The functor E sends the endomorphism (|A.8|) of (|A.6P to the endoniorphisni of 
(jA.9|) given by the same maps as in (|A.8|) . Under the equivalence of categories, this 
corresponds to the endomorphism of (|A.6[) given by the maps 

\:A^A, {ir)-^^)^)^!^)'' ■■A®A* ^A®A*., 1 : A* ^ A* . 
This proves the lemma. □ 

Let k — Z/2. Then Lemma [A.5I p]) implies that the spectral sequences (jA.3[) 
and (|A.4[) degenerate at the £'^-page to yield the isomorphism (IA.2I) since for a 
uniquely 2-divisible abelian group G, we have ifg(G, Z/2) = 0, q > 0. 

From now on we will assume k — ¥p^ p prime 7^ 2, or fc = (Q. 

Lemma A. 6. Let k be one of the fields p ^ 2, or Q. Let G he an abelian 
group and t : G — > G : a i-> 2a. Then for all q >0, 

H,{G,k)= V, 

q/2<i<q, iGN 

where Hq{t) acts on the k-vector space Vi as multiplication by 2*. 

Proof. This follows from the explicit description of H^,{G) given, for instance, in 
[Bro94| Theorem 6.4 (ii). Theorem 6.6]. Alternatively, it can be proved as follows. 
The statement is clearly true for g = and q — 1 (for the latter use the natural 
isomorphism G ^ HiBG = Hi{BG,Z)), hence it is true for G = Z (as BZ = S^). 
Using the Serre spectral sequence associated with the fibration _BZ _BZ — > B{Z/l) 
we see that the statement is true for G = Z/L Using the Kiinneth formula, if the 
statement is true for Gi and G2 then it is true for Gi x G2. Therefore, the lemma 
holds for finitely generated abelian groups. Passing to limits, we conclude that it 
is true for all abelian groups. □ 

Lemma lA. 61 applies to the endomorphism E of the fc-module Hq{F i A), in view 
of Lemma lA.5l (p|). We obtain a direct sum decomposition of the spectral sequences 
(jA.Sp and (|A.4|) into the eigen-space spectral sequences of E. Note that the eigen- 
space spectral sequence of (jA.4p corresponding to the eigen- value 1 has ^-term 
S-'^Hp{iA, Ho{F i_))= Hp{iA, fc) if g = and E^^ = for q 7^ 0. In particular, 
it degenerates completely at the E'^-page. 

The next lemma shows that E acts as the identity on the abutment of (jA.4p . so 
that the eigen-space spectral sequence of (|A.4I) corresponding to the eigen- value 1 
has abutment the abutment of (|A.4p . Degeneration of this spectral sequence at the 
-E^-page shows that its edge map (jA.4| [T|) is an isomorphism, that is, (|A.2[) is also 
an isomorphism for fc = Fp, p prime ^ 2 and Q. 

Lemma A. 7. Let k be one of the fields ¥p, p prime ^ 2, or Q. 

(1) Let (C,©,0) be a unital symmetric monoidal category with ttqC = 0. Then 
the map id(Bid : C ^ C : A\^ AQ) A induces an isomorphism on homology 

H4C,k) -^H^iCk). 

(2) The functor E ; (iEA)h {'i-EA)h induces the identity map on the abut- 
ment S^^Hf,{iEA)h of the spectral sequence iA.4^ . 

Proof. For part ([Ij, consider X = Y = BC as pointed spaces with base-point 
G C, and write f : X Y ior the map on classifying spaces induced by id® id : 
C ^ C. Note that / preserves base points and that 7r*(/) is multiplication by 
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2, SO that 7r*(/) ^ is an isomorphism. Let G be the cokernel of the map 
'^lif) ■ T^i^ ^ T^i^ a-nd write Y ^ Y for the covering of Y corresponding to the 
quotient map iviY ^ that is, Y is the puUback of EG along Y BttiY BG. 
By construction, the map f : X ^ Y factors through Y ^ Y , and the induced 
map X ^ Y \s surjective on tti. Let F be the homotopy fibre oi X ^ Y . By 
construction, _F is a connected nilpotent space (in fact an infinite loop space as all 
maps X ^ Y Y BG are infinite loop space maps) with tt^^F ® Z[i] = 0. It 
follows that Hq{F,Z[\]) = 0, hence Hq{F,k) = 0, g > 0. By the Serre spectral 
sequence, X Y induces an isomorphism in homology with coefficients in k. 
Finally, the principal G-fibration Y ^ Y induces an isomorphism in homology 
with coefficients in k, since every element in G has order invertible in k. 

For part ([2]), write — {iEA)h- The abutment of (jA.4p is the homology of 
the symmetric monoidal category C ~ S^^^.y, in view of Lemma lA.51 ([3]) and 
[Gra76| . see also Section lA.il Note that ttoS : ttq^ ttq^ is the identity because 
FoT, = F and ttqF is an isomorphism, by Lemma [A. 51 ([51). In particular, E induces 
the identity on ttqC Let Co C C be the connected component of 0. In view of the 
natural isomorphism H^,{Co) CSjt /cttqC = H^C, it suffices to show that the restriction 
So of S : C — > C to Co induces the identity on homology with coefficients in k. 
To that end, wc consider the functor T = id ® id : ,y and the natural 

transformation ST = T given by 

{M, ^/2) ± (M, ^/2) ^ (M, ^) ± (M, ^). 

The functors T and S and the natural transformation induce functors T and S on 
C = S^^^S/' and a natural transformation YIT = T of endofunctors of C. Restricted 
to the connected component Cq of C, we obtain functors Toi^^o : Cq — t- Co and a 
natural transformation SoTo = Tq. By part ([T|), To induces an isomorphism on 
homology with coefficients in k. Since H,:{'So,k) o H^,[TQ,k) = Ha.(To,k), by the 
existence of the natural transformation SqTo = To, we have -ff*(So, k) = id. □ 

This finishes the proof of Proposition IA.3I □ 

For the statement of the next proposition, recall that for an exact category with 
duality {A, *, rj), the category SnA is an exact category with duality, where the dual 
A* of an object A of SnA is {A*)ij = {An-j^n-i)* and the double dual identification 
f]A satisfies {r]A)i,j = VAij- 

Proposition A. 8. Let A be an additive category with duality. Assume ^ A. 
Then the symmetric monoidal functors 

{iS2nA)h M)" : {A„ip,) ^ (Ao4, Ai,2,...,A„_i,„) 

iiS2n+lA)h (i^)" X {iA)h ■ iA,,(p,) ^ (Ao,l,Ai,2,---,Ai-l,n),(^n,«+l,<y5n,n+l) 

are homotopy equivalences after group completion. 

Before we give the proof, we note the following corollary of Proposition lA.3l 



Corollary A. 9. Let (A,*,ri), (B,*,ri) be additive categories with duality such that 
\^A,B. 
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(1) Given a non-singular exact form Junctor (F,, ip,) : A — > EB, that is, a com- 
mutative diagram of additive functors Fi : (-4, tu) — > {B,w), i = —1,0, 1, 



F, : 



Fi>- 
^ii- 



■ ^0 F-1 



Vo 



F* 



Fl 



with exact rows and {(pi,ipo,ip-i) — {(p'^_i7],(pQri,(p\ri) an isomorphism. 
Then the two non-singular exact form functors 

iFo,(po) and H o Fi 

induce homotopic maps {iA)h — iiB)h after group completions. 
(2) Given a non-singular exact form functor (F,, ip,) : A — > S3B, then the two 
non-singular exact form functors 

{Fo3, Vas) and (F12, 1^12) ± H o Fqi 

induce homotopic maps {iA)h {iB)h after group completions. 

Proof. Part ([1]) is a formal consequence of Proposition lA. 31 In a more general con- 
text, the implication is explained, for instance, in SchlOb, 3.10. Proof of theorem 
3.3]. 

For write ^ for "homotopic after group completion". For any additive form 
functor (F, (p) : A ^ B, we have a form functor A — >■ EB given by 



il) (1-1) 
F ^ F®F F, 



(0 -v) 'V')' 



so that H{F) ~ (F, if) _L (F, -ip), by ©. 

Now consider the given non-singular exact form functor (F,, (/j,) : A ^ S3B. It 
induces the non-singular exact form functor A — s> EB given by 



-ro2<12 



( -fl2<23 F03<23 ) 



-V12 \ ,„ \ 



SO that H{Fq2) ~ (^12, — V12) -L [Fo'iT'PQ^), by ([T]). By Additivity in K-iheory and 
the remark above, we have -ff(Fo2) ~ H{Fm) -L -H"(Fi2) ~ -ff(Foi) L {Fi2,^i2) -L 
(^12, ~fi2)- Cancelling (F12, —p^2)^ the claim follows. □ 



Proof of Proposition \A.^ The cases Sq and 6*1 are trivial, and the case S2 is propo- 
sition |Aj3] since EA = S2A. Recall that the assignment [n] M- is a simplicial 
category, where a monotonic map : [n] ^ [p\ induces the functor : SpA 
SnA : A ^ -d^- A with {-d' A)i,j = Ai)(i) ,D^j-y If — i) = p — 'd{i), then d' preserves 
dualities. 
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We consider the following monotonic maps: 

: [n - 2] — > [n] : i ^ i + p : [n] — > [n - 2] : i i-> 

6 : [1] — > [nl : i iH> i, vr : [n] [1] : i ^ 




i^O 

1 l<i<n. 



Note that 6*' and p' preserve dualities whereas, l' and n' don't. We will show that 
the functor 

F = {i-,e-) : {iSnA)h ~^iAx iiSn^2A)h ■■ (A,^) ^ i-A,9-iA,if) 

is a homotopy equivalence after group completion with inverse the functor 

G = p- ±Htt- -.lAx iiSn-2A)h ^ iiSnA)h : A, (B, ^) ^ p{B, if) ± (^U), 

where H : iSnA -> {iSnA)h denotes the hyperbolic functor A A © A*, ( J). 
One readily verifies F o G — id. For the other composition, consider the following 
monotonic maps 



(Toi = '-TT : I'^J m, <To2 : [n\ —^[n\: 



Cos — id : [n] ^ [n] : i H> «, (T13 : [n] [n] : i \ 



(712 = Op ■ [n] -J> [n], (723 : [n] [n] ■ i^ 



i < i < n - 1 

n — 1 i ^ n, 

1 f = 

i 1 < i < 71, 

n-1 0<i<n-l 
n i = n. 



and note that {i,j) M> cr]^- defines a duality preserving functor cr' : SnA — > S'sS'^^. 
By Corollarv lA.9121 the functors GoF = a'12 -L Ha^^ and (753 = id induce homotopic 
maps after taking group completions. □ 

Proof of Theorem ] A. 1[ This is the same as the proof of [Sch041 Theorem 4.2], or 
its version |Sch041 Corollary 4.6]. The only place where Karoubi's Fundamental 
Theorem was used in [Sch04| was in |Sch041 Lemma 4.4] which asserts that a certain 
monoidal functor /3„ : (iA)" x {iA)h {iS2n+iA)h is a homotopy equivalence 
after group completion. But this functor has a retraction which is a homotopy 
equivalence after group completion, by Proposition IA.81 Thus /3„ is a homotopy 
equivalence after group completion. □ 

Appendix B. Spectra, Tate spectra, and Bispectra 

In this article we shall work with symmetric spectra of topological spaces where 
topological space means compactly generated topological space (that is, weak Haus- 
dorff A:-space) [McC69| . |Hov99[ Definition 2.4.21 and Proposition 2.4.22]. Sym- 
metric spectra were first introduced in jHSSOO] in order to construct a symmetric 
monoidal product on the level of spectra. Our main reference for symmetric spectra 
of topological spaces is [MMSSOl] , |Sch] . For the convenience of the reader and in 
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order to fix notation we will review definitions and results needed in this article. In 
Sections IB. 91 - IB. Ill we consider bispectra used in the construction of the functor 
G,W. 

B.l. Spectra. We start with fixing notation. Let I — [0, 1] C M be the unit 
interval, = {0,1} C / the zero-sphere (both pointed at 1), and let = I / 
be the unit circle. Inclusion and quotient map define the pointed maps i : ^ I 
and p : I ^ . Let S„ be the symmetric group of bijections of the set {1, ...,n} of 
n-elements. We consider the n-sphere S'" = A...AS^ (smash product n-times) as 
a pointed space with left I]„-action given by a{xi A- ■ -Axn) = a;o--i(i) A ... Ax„-i(^n) 
for <T G E, and we denote by 

en,m : S*" A 5" -J> 5"+" : (.ti A . . . a;„) A (yi A . . . y™) xi A . . . x„ A yi A . . . 
the canonical identification. 

A symmetric sequence (in the category of pointed topological spaces) is a se- 
quence Xn, n G N, of pointed topological spaces with a continuous base-point 
preserving left action by the symmetric group A map of symmetric sequences 
X — > y is a sequence of pointed E„-equivariant maps Xn — > Y„. 

Definition B.l. A symmetric spectrum is a symmetric sequence X„, n G N, in the 
category of pointed topological spaces together with pointed continuous I]„ x S^- 
equivariant maps 

Cn,m ■ S A Xjji ^ Xji-^jYi 

called bonding maps (or structure maps) where I]„ x acts on the space Xn+m 
via the inclusion I]„ x C Sn-i-m : (C)''") i— >■ c LI aTa~^ with a{l,...,m} 
{n + 1, n + m} : i i-^ n + i. The bonding maps have to satisfy the following. 

(1) The map eo,Ti : 5'*' A Xn — > Xn is the usual identification 5''' A Xn = Xn. 

(2) The following diagram commutes for all k,n,m E N 

S ' A S" A Xjn S ' A Xn+m 



efc.„Al 



gk+n ^ ^ Xk+n+m- 

A map of symmetric spectra X ^ Y is a map of symmetric sequences commuting 
with the bonding maps. All spectra in this article will be symmetric. For this 
reason, we will drop the adjective and call them simply spectra. The category of 
spectra is denoted by Sp. 

The prime example of a spectrum is the sphere spectrum S = {5*°, S*^, 5"^, . . . } 
with bonding maps e„ More generally, if if is a pointed topological space, we 
denote by Sif, or simply by K, the suspension spectrum of K which has n-th space 
the pointed space S" AK where S„ acts on 5" as above, and it acts trivially on K. 
The bonding maps are the maps e„,m A 1 : S"* A S"" AK ^ gn+m f\X. K spectrum 
X is called fl-spectrum if the adjoints A"„ — >■ ClXn+i of the bonding maps ei^„ are 
weak equivalences for all n > 0. It is called positive Q-spectrum if the adjoints 
Xn -T- flXn+1 are weak equivalences for all n > 1. The spectrum is called a level 
CW-complex if every space X„ is a CVF-complex. 
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The category of spectra is tensored and cotensored over the category of pointed 
spaces. Let i^T be a pointed space and X a spectrum. Their smash-product is the 
spectrum XAK with n-th space Xn/\K and bonding maps e„_mAl : AXm/\K — > 
Xn+m A K. The mapping (or power) spectrum from ii" to X is the spectrum 
Sp{K, X) with n-th space the mapping space in the category of pointed topological 
spaces Map(_ft', X„) and bonding maps 

5" A Map{K,X„,) Map(if, 5" A X™) Map(i^,X„+™) 

t A f ^ {x^~^tAf{x)) 

Via the topological realization functor K \K\ from simplicial sets to topological 
spaces, the category of spectra is also tensored and cotensored over the category of 
pointed simplicial sets. We may write XAK and Sp(ii', X) instead of X A \K\ and 
Sp(|X|,X) when if is a simplicial set and X a spectrum. 

B.2. Model structures on the category of spectra. Recall [Hov99[ §2.4] that 
the category of pointed topological spaces is a proper model category with weak 
equivalences the maps that induce isomorphisms on all homotopy groups (with 
respect to all choices of base points). The fibrations are the Serre fibrations, and 
the cofibrations are the maps that have the left lifting property with respect to 
Serre fibrations which are weak equivalences. Every topological space is fibrant, 
relative CW-complexes are cofibrations, and CW-complexes are cofibrant in this 
model structure. 

The category of spectra supports various model structures [MMSSOf] , [Schj . Call 
a map of spectra X ^ Y level equivalence {level fibration) if the maps X„ — >■ are 
weak equivalences (fibrations) of topological spaces for all n > 0. In the projective 
level model structure on Sp, the weak equivalences and fibrations are the level 
equivalences and the level fibrations, and the cofibrations are the maps that have 
the left lifting property with respect to fibrations which are level weak equivalences. 
The suspension spectrum functor S : Top^ Sp : K Y,K preserves cofibrations. 
In particular, the suspension spectrum "EK of a pointed CW complex K is cofibrant. 
The level model structure is not particularly interesting in itself, but it is used to 
define the stable equivalences of spectra. 

Denote by [X. F]' the set of maps from X to F in the homotopy category of 
the projective level model structure on Sp. A map of spectra X ^ Y is a stable 
equivalence if for all r2-spectra Z , the map [Y, Z]' [X, Z]' is a bijection. 

In the projective stable model structure on the category of spectra, the weak 
equivalences are the stable equivalences of spectra, the cofibrations are the cofi- 
brations of the projective level model structure, and the fibrations are the maps 
that have the right lifting property with respect to the cofibrations that are stable 
equivalences. In this stable model structure, a map X ^ Y of spectra is a fibration 
if the maps X„ Yn are Serre fibrations for all n > 0, and the squares 
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are homotopy cartesian for all n > 0. In particular, the fibrant objects in the 
projective model structure arc precisely the f2-spectra, and suspension spectra of 
pointed CW complexes are cofibrant. 

There is a useful variant of the projective model structures, namely, the positive 
projective model structures. Call a map of spectra X ^ Y positive level equivalence 
{positive level fibration) if the maps X„ Yn are weak equivalences (fibrations) of 
topological spaces for all n > 1. In the positive projective level model structure 
on Sp, the weak equivalences and fibrations are the positive level equivalences and 
the positive level fibrations, and the cofibrations are the maps that have the left 
lifting property with respect to fibrations which are positive level weak equivalences. 
In the positive projective stable model structure on the category of spectra, the 
weak equivalences are the stable equivalences of spectra, the cofibrations are the 
cofibrations of the positive projective level model structure, and the fibrations are 
the maps that have the right lifting property with respect to the cofibrations that 
are stable equivalences. The fibrant objects in the positive projective stable model 
structure are precisely the positive fi-spectra. Note that the stable model structure 
and the positive stable model structure on Sp both have the same weak equivalences 
and therefore the same homotopy categories. 

A map of (positive) spectra X ^ Y is a. stable equivalence if and only if for 
all n > (n > 1), the maps X„ — > Yn are weak equivalences of topological spaces. 
A square of (positive) fi-spectra 

X ^Y 



Z 

is homotopy cartesian if and only if the square 

Xji Y^ 



is a homotopy cartesian square of spaces for all n > (n > 1). We denote by [X, Y] 
the set of maps from X to y in the stable homotopy category of spectra. This set 
is canonically an abelian group. 

B.3. True and naive homotopy groups. The true homotopy groups, or simply 
homotopy groups 7r„X, n € Z, of a spectrum X are the groups 

TTnX=[S^,X]. 

The naive homotopy groups of a spectrum X are the groups 

■KnX = ColilUfc TTn+kiXk) 

where the colimit is taken over the system 

7rm(^fc) 7r„+i(^fc+i) : / i-> ei,^ o (5^ A /). 

If this colimit stabilizes, that is, if the maps iTn+ki^k) — '^n+k+i{Xk+i) are iso- 
morphisms for large k then the naive homotopy groups are canonically isomorphic 
to the homotopy groups. This happens, for instance, if the spectrum is a (positive) 
fi-spectrum, or if it is a suspension spectrum. 
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B.4. Products. The symmetric monoidal product A on pointed topological spaces 
defines a symmetric monoidal product A on the category of symmetric sequences 
of pointed topological spaces; see IB.121 The maps em,n '■ 5"" A 5"" — )■ 5"+'" define 
a map of symmetric sequences e : 5 A 5 — > S*. Together with the map u : 1 ^ S* 
of symmetric sequences given by 1 : S**^ ^ S'*' and pt S*", n > 1, this makes the 
sphere spectrum S into a commutative monoid. 

Now, a symmetric spectrum is the same as a left module over the commutative 
monoid 5* for the symmetric product A in the category of symmetric sequences. It 
is a map of symmetric sequences e : S A X ^ X such that the diagrams 

S AS AX S AX 1 AX S AX 



lAe 

SAX 




commute. 

The category of spectra Sp is symmetric monoidal under the smash product 
X AsY of spectra defined as the coequalizer in the category of symmetric sequences 

X AS AY =J X AY ^ X AsY 

eor Al 

where t: XAS^SAXis the switch isomorphism in the symmetric monoidal 
category of symmetric sequences. If X is a cofibrant spectrum for the projective 
stable model structure then the functors Y i-^ X As Y and Y Y As X preserve 
stable equivalences. Thus, for any two spectra X and Y, the derived smash-product 

L 

X As Y can be computed as either cX A Y, cX As cY, or X As cY where cX X 
and cY — >■ Y are cofibrant approximations of X and Y in the projective stable 
model structure. 

B.5. The triangulated stable homotopy category. The stable homotopy cat- 
egory SH is obtained from the category Sp of spectra by formally inverting the 
stable equivalences. Recall that we denote by [X, Y] the set of maps in SH. If X 
is cofibrant, and Y is fibrant then this is the set of homotopy classes of maps of 
spectra X Y, where two maps f,g:X^Yoi spectra are homotopic if there 
is a map h : X A 1+ Y such that f — ho and g = hi. The stable homotopy 
category SH is a triangulated category with shift functor 

X ^ S^ As X. 

A triangle in SH is exact if it is isomorphic in SH to a standard exact triangle 

X ^Y ^ C{f) ^S^ AX 

associated with a map f : X Y oi spectra. The maps in the standard exact 
triangle are defined by the commutative diagram 

X^IAX^S'AX 
f 

Y ^ C(/) ^ S^ AX 



in which the left square is cocartesian. 
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B.6. Homotopy Orbit spectra. Let G be a group and let EG be the usual 
contractible simplicial set on which G acts freely on the left. If Ob[n] denotes the 
set of objects of the category [n] = {0 < 1 < ... < n} then 

(B.l) EnG = G"+^ = Maps,t,,(C'6[n], G) 

with simplicial structure induced by the cosimplicial set n i— >■ Ob[n]. The left action 
is given by gf{x) = g{f{x)) for g G G, f : Ob[n] — >■ G and x G 06[n]. 

Fix a functorial cofibrant approximation cX — > X on the category of spectra 
(in the projective stable model structure) . If X is a spectrum with right G-action 
then so is cX, and the stable equivalence cX X is G-equivariant, by functoriality 
of the cofibrant approximation. The homotopy orbit spectrum X^g of a spectrum 
X with right G-action, also denoted M,(G,X), is the spectrum 

XhG = M,{G,X) = cX Ag EG+ 

where for a pointed topological space K with left G-action the spectrum X Ag K 
is defined by the coequalizer diagram 

y X AK ^ X AK ^ X AgK 

The non-equivariant map pt — >^ G = EqG — > EG : pt i-> 1 and the G-equivariant 
EG pt induce a string of spectra 

cX = cX A 5"° ^ cX A EG J, cX Ag EG+ cX Ag S° = cX/G X/G 

such that the diagram 

cX ^ > X 



XhG ^ Xg 

commutes. By the coequalizer definition of homotopy orbits, the two compositions 

cX A S° T cX A EG+ ^ cX Ag EG+ 

gAl 

are equal for all g e G. The two maps 1 A g,l A 1 : cX = cX A S° ^ cX A EG+ 
are homotopic, by contractibility of EG. It follows that the diagram 

cX ^ XhG 

g 

cX 

is homotopy commutative for all g G. In particular, for all n G Z the map 
7r„(X) = TTn{cX) TTniXhG) factors through ■jTn{X)/G TTniXhG)- In general, 
this map is not an isomorphism. 

Proposition B.2. (1) If X ^ Y is a G-equivariant map of spectra which, 
forgetting the G-action, is a stable equivalence, then XhG YhG is also a 
stable equivalence. 

(2) If X is a non-equivariant spectrum then X A G+ is a spectrum with right 
G-action and the natural map {X A G+)hG {X A G+)/G = X is a stable 
equivalence. 
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(3) // X has a right G-action, then there is a homological spectral sequence 

with differentials dT : E^ ^ — > -E'p-r.g+r-i- spectral sequence converges 
strongly if TTiX = for i << 0. 

Proof. In any simplicial model category, the functor 7 AEG-i- preserves weak equiva- 
lences between point- wise cofibrant objects |Hir031 Theorem 18.5.3.(1)]. This proves 
part (P). 

For the map 

(X A G+) Ag EG+ = X A EG+ X A S" = X 

is a level equivalence since |ii^G'|+ — 5° is a homotopy equivalence. It follows that 
this map is a stable equivalence. 

For part ([3]) , the spectral sequence is the spectral sequence of a filtered spectrum 
obtained by applying the functor cX Ac ( )+ to the skeletal filtration of EG. □ 

Remark B.3. If X is a spectrum which is a level CW complex, then the following 
map is a stable equivalence 

XhG = cX Ag EG+ X Ag EG+. 

This is because there is a functor Sing^ from symmetric spectra of topological 
spaces to symmetric spectra of simplicial sets which is right-adjoint to a functor 
I I from symmetric spectra of simplicial sets to symmetric spectra of topological 
spaces for which the unit of adjunction X — >• | Sing^ X| is a level equivalence. Both 
functors Sing^ and | | preserve stable equivalences. Therefore, in the commutative 
diagram 

cX Ag EG+ ^ I Sing, cX\ Ag EG+ = \ Sing, cX Ag EG+\ 



X Ag EG+ ^ I Sing, X\ Ag EG+ = | Sing, X Ag EG+\ 

the horizontal maps are level weak equivalences because both sides are level cofi- 
brant. The right vertical map is a stable equivalence because in the injective stable 
model structure on the category of symmetric spectra of simplicial sets every spec- 
trum is cofibrant. Therefore, the left vertical map is a stable equivalence. 

Example B.4. If X is a spectrum with niX = for z < 0, then the spectral 
sequence IB. 21 ((3)) shows that the natural map Tro{X)/G — > 7ro(X/iG) = Hq{G,7ToX) 
is an isomorphism. If X is an Eilenberg-MacLane spectrum (that is, iTiX = for 
i ^ 0), then the spectral sequence collapses and yields an isomorphism for alH G Z 

MXhc) ^ H,{G,7roX). 

Example B.5. If X is a spectrum with right G-action, then the canonical map 
X — ^ XhG is G-equivariant where G acts trivially on XhG- More precisely, let 
cX A EG+ be the right G-spectrum where g G G acts as g A on cX A EG+. 
Then wc have a G-equivariant string of maps X ^ cX cX AEG+ — > cX Ag EG+ 
induced by the equivariant map S'^ <— -BG+ and the equivariant quotient map 
X A EG+ X Ag EG+. The maps X ^ cX <^ cX A EG+ is a stable equivalence 
(forgetting the G-action). 
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We restrict now to the case G = C2 = Z/2 the 2-element group with ct G C2 the 
unique element of order 2. Let X be a spectrum with C2 = Z/2 action from the 
right. We have a second Z/2-action on X, denoted by C2 , where the non-trivial 
element acts as —a on X. From the discussion above, the map X — > X^^- is C2 - 
equivariant where X^^^- carries the trivial action. Therefore, the map X — X^^^- 
is C2-equivariant where X carries the original C2-action, and the non-trivial element 
a G C2 acts on ^^p- as —1. In summary, we have a C2 -equivariant map of spectra 

(B.2) X ^ X+ X X- = XhC2 X ^hc- 

where X^ — XhC2 has the trivial action, and a acts on X^ = Xf^^- by —1. 

Lemma B.6. Let X be a spectrum with C2-action. Assume that the homotopy 
groups 7r*X of X are all uniquely 2-divisible. Then the C2- equivariant map W. S^) is 
a stable equivalence. In particular, as an object of the triangulated stable homotopy 
category SH, the object X~^ is the image of the projector (1 + a)/2 of X , and the 
homotopy groups of X^ are given by the image of the map (l + cr)/2 : tt^X — > tt^X, 
that is, the following natural map is an isomorphism 

7r*(X)/C2 — > ■K*{XhC2)- 

Proof. If TTfeX = for fc << 0, the claim follows from the spectral sequence of 
Proposition IB. 21 (jS)) which collapses at the E'^-page. Since any spectrum can be 
written as a sequential (homotopy) colimit of spectra X for which vr^X = for 
k « 0, we are done. □ 

B.7. Homotopy fixed point spectra. Consider the simplicial set EG from (|B.1[) 
equipped with the free right G-action defined by fg{x) = f{x)g for g G G, f : 
Ob[n] — G and x G Ob[n]. Fix a fibrant approximation X ^ Xf in the category of 
spectra (for the projective stable model structure). If X is a spectrum with right 
G-action then so is Xf, and the map X ^ Xf is G-equi variant. The homotopy fixed 
point spectrum X^'^ , also denoted III'(G, X), of a spectrum X with right G-action 
is the spectrum 

X''^ = m'{G,X) = SYp{EG+,Xf) 

where for a pointed space K and a spectrum Y both with right G-actions, the 
spectrum S^p^ {K, Y) is defined by the equalizer diagram 

(54) ^ 

Sp« {K, Y) Sp(X, Y) — : TT Sp(X, Y) . 

The G-equivariant map EG —5- pt and the non-equivariant map pt — s- EG : pt 1— 
1 induce a string of maps 

X^ {Xff = Sp^{S°, Xf) Sp^{EG+,Xf) Sp{EG+,Xf) -> Sp(S'°, Xf) = Xf 
such that the diagram 



commutes. 



X ^Xf 
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According to the equalizer definition of tlie fiomotopy fixed point spectrum, tlie 
two compositions 

(94) 

X^'^ = Sp'^{EG+,Xf) ^ Sp{EG+,Xf) T Sp{S°,Xf) = Xf 

(1,9) 

are equal. By contractibility of EG, the map {g, 1) in the diagram is homotopic to 
(1, 1). Therefore, for all g E G the diagram 

^hG ^ Xf 

9 

homotopy commutes. In particular, the map 7r„(X'''^) TTn{Xf) = 7r„(X) factors 
through the fixed points 7r„(X)'^ and we obtain a natural map 7r„(X''*^) — 7r„(X)'^ 
for all ri 6 Z. This map is not an isomorphism, in general. 

Proposition B.7. (1) If X Y is a G-equivariant map of spectra which, 
forgetting the G-action, is a stable equivalence, then X^'^ — > Y^'^ is a 
stable equivalence. 

(2) If X is a non-equivariant spectrum then the spectrum Sp(G+,X) has a 
right G-action and the map X = Sp(G+,X)*^ — > Sp(G, X)'*'^ is a stable 
equivalence. 

(3) For a spectrum X with right G-action there is a spectral sequence 

El''' = iJP(G, 7r_,X) ^ 
which converges strongly if iTiX — for i >> 0. 
Proof. The proof is dual to the proof of Proposition IB. 21 We omit the details. □ 
Remark B.8. If X is a positive J7-spectrum, then the map 
Sp^{EG+, X) ^ Sp^{EG+,Xf) = X''^ 

is a stable equivalence. This is because the positive fi-spectra are the fibrant objects 
of the positive projective stable model structure on Sp, and in any simplicial model 
category, the functor Map'^(£'G+, ?) preserves weak equivalences between point- 
wise fibrant objects jHir03| Theorem 18.5.3.(2)]. 

Example B.9. If X is a spectrum with iViX = for i > then the spectral 
sequence [BJI ([3]) shows that i7°(G, ttoX) = 7ro(X''^), and the map noiX'^^) 
(ttqX)'^ is an isomorphism. 

Let X be an Eilenberg-MacLane spectrum {iTiX = 0, i 7^ 0) with right G-action. 
Then the spectral sequence collapses and yields an isomorphism for all i E li 

Lemma B.IO. Let X be a spectrum with right C2-action. Assume that the homo- 
topy groups t:^X of X are all uniquely 2-divisible. Then the C2-equivariant stable 
equivalence II B. 2]) induces stable equivalences 

XhC2 ^ + ^ X + 
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In particular, the following natural map is an isomorphism 

Proof. From the decomposition (jB.2p of Lemma IB.6[ it suffices to prove the claim 
in case X has trivial action and in case the non-trivial element of C2 acts as — 1. 
In the first case, the map X^'~^^ = Sp{BG+, Xf) — > Xj is a weak equivalence. This 
follows from the spectral sequence IB. 71 ([3]) provided nkX = for fc >> 0. Since 
every spectrum is a sequential homotopy limit of spectra X with TTfeX = for 
A; >> (given by the Postnikov tower), the first case follows. In the second case, 
the map X'^'^^ — > pt is a weak equivalence. Again, this follows from the spectral 
sequence IB. 71 ([3]) provided TTkX = for k » 0, and in general by passing to 
homotopy limits. □ 

B.8. Tate spectra. Let G be a finite group acting from the right on a spectrum 
X. The Tate spectrum M{G, X) is the homotopy cofibre of the hyper norm map TV : 
XhG X^°] see |ACD89) . |WW89j . |Gre01j . [JaFOT] . In case of a right G-module 
A, the Tate spectrum ]HI(G, ^4) of the Eilenberg-MacLane spectrum associated with 
A has n-th homotopy group naturally isomorphic to ordinary Tate cohomology 
H~'^{G, A) of G with coefficients in A. We review the relevant definitions and facts 
in case G — Z/2. 

Let G = Z/2 = {l,cr} where ct S G is the unique element of order 2, and 
let X he a. spectrum with G-action. We consider X x X as a spectrum with 
Gi X G2-action where Gi — G2 = G and (ct, 1) S Gi x G2 acts as the switch map 
{x,y) {y,x) and (1,ct) acts as {x,y) i-t- {ay, ax). This also induces a Gi x G2- 
action onXVXcXxX. There is a string of Gi x G2-cquivariant spectra 

(B.3) X^^X xX^^XVX^^X 

where Gi x G2 acts on the source X via the projection Gi x G2 — >■ Gi onto the 
first factor and Gi x G2 acts on the target X of the map via the second projection 
Gi X G2 — G2. The arrow in the wrong direction is a stable equivalence. We write 
N : X ^ X for this string of maps and call it norm map. The norm map is an 
honest map in the homotopy category of spectra and induces 1 + a : 7r„Ar -4 iTnX 
on homotopy groups. 

For a spectrum Y with Gi x G2-action, we can consider y as a Gi-spectrum 
via the group homomorphisms Gi — >■ Gi x G2 : a; iH- {x, 1) and G2 — !■ Gi x 
G2 '■ X t-^ (1)2^), and the two actions commute. In particular, the homotopy fixed 
point spectrum y'*'^^ jg ,^ Gi-spectrum and thus has a homotopy orbit spectrum 
(Y^^'')hGi- To abbreviate we write FY = {Y'^'-^^)hGi for this spectrum. Note that 
the functor F preserves stable equivalences, and comes equipped with natural maps 
{Y^'')hGi FY ^ (y'*<^2)Gi. Since G2 acts trivially on the source of (|R3)) and 
Gi acts trivially on the target of (|B.3p . we obtain the hypernorm map 

(B.4) N : X^G = (^^^)hG -^FX^FX^ (^"'')gi = X'^^ . 

More precisely, the hypernorm map is the string of maps N: 
XhG = {X^^)hGi FX ^ F{X X X)i^ F{X y X)^ FX ^ {X''^^)g, ^ X^'^ 
where the arrow in the wrong direction is a stable equivalence. 
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Lemma B.ll. The two maps cX — X^g ^ X^^ 
are equal in the homotopy category of spectra. 



X f and cX 



■X^X 



■Xf 



Proof. For clarity of exposition, write X and Y for source and target of (jB.3p with 
their respective Gi x G2 actions. So, the norm map is a Gi x G2-equivariant string 
of maps X ^Y with the arrow pointing in the wrong direction a stable equivalence. 
By functoriality, we have a commutative diagram 



X 



X 



hG2 



FX 



N 



N 



N 



Y 



■Yf 



Y 



hG2 



N 



FY 



where the vertical maps are actually strings of maps with the vertical arrows in 
the wrong direction being stable equivalences. Every spectrum in the top row 
receives a natural map from {cX)'^'^ such that all triangles commute. Similarly, 
every spectrum in the bottom row naturally maps to (17)gi such that all triangles 
commute. The resulting composition {cX)'~'^ — >■ FX — > FY {Yf)Gi is the first 
map in the lemma, and the map [cX]'-^^ X ^Y ^ (^/)gi is the second map in 
the lemma. By the commutativity of the diagram, these two maps are equal. □ 

Definition B.12. The Tate spectrum 

m{'L/2,X) 

of a spectrum X with G = Z/2 action is the homotopy cofibre of the hypernorm 
map N : Xhg X^'^ . Since N involves a stable weak equivalence in the wrong 
direction, we give the following more precise and functorial version on the level of 
spectra. The Tate spectrum is defined to be the lower right corner in the diagram 




XhgAI 



F{X V X) 

V 



Zif) 



X. 



hG 



■IHI(Z/2,X) 



where left and right squares are push-outs, all vertical arrows are cofibrations, the 
left vertical map is the inclusion X^XAl:xi-^xAOoiX into its cone (1 
being the base-point of / = [0, 1]), and where the diagram X — > Z{f) — > F is a 
factorial factorization of a map f : X ^ Y into a cofibration followed by a stable 
equivalence. 

The functor ]HI(Z/2, ) preserves stable equivalences and it sends sequences of 
Z/2-spectra which (forgetting the action) are homotopy fibre sequences to homo- 
topy fibre sequences. 

Example B.13. If X is an Eilenberg-MacLane spectrum {iTiX = for i 7^ 0) 
equipped with a Z/2-action, then the long exact sequence associated with the ho- 
motopy fibration X^q X^'^ — >■ ]HI(G, X) together with the calculations of the 
homotopy groups of X^q and X^'^ in Examples IB. 41 and IB. 91 yield isomorphisms 



7r,IHI(Z/2,X) 



iJ,(Z/2,7roX) i>2 
H-'{Z/2,TToX) i<-l 
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and an exact sequence 

^ 7riH(G,X) TToiXhc) ^ 7ro(X''^) ^ ttoM{G,X) 0. 

By Examples IB.41 IB.9I and Lemma IB. Ill the middle map ttqN is the usual norm 
map 1 + a : {ttqX)/G — > (ttqX)'^. These properties characterize Tate cohomology 
of G = Z/2 with coefficients in the G-module ttqX. Therefore, we have natural 
isomorphisms for z G Z 

7riIHI(Z/2,X) ^ H-\Z/2,tiqX). 

Lemma B.14. If X is a spectrum with C2-action such that all its homotopy groups 
■n<tX are uniquely 2-divisible, then its Tate spectrum is contractible 

I1(G2,X) ^pt. 

Proof. For the G2-equivariant stable equivalence X ~ X+ x X^ from Lemma [B. 61 
we have {X~)hC2 — {X~)'^'-''^ ~ pt; see Lemmas IB.6I and IB. 101 This reduces the 
proof of the lemma to the case when X = X+ has trivial G2-action. In this case, 
the maps X XhC2 ^-i^*^ X^'-^^ X are weak equivalences; see Lemmas IB. 61 and 
IB. 101 The composition cX X ^ X ^ Xf is multiplication by 2 which is an 
equivalence since 2 is invertible in the homotopy groups of X. From Lemma IB. Ill 
it follows that the hypernorm map N : XhC2 ~^ X'''-^^ is a stable equivalence. In 
particular, its homotopy cofibre, the Tate spectrum, is contractible. □ 

B.9. Spectra in monoidal model categories. Let (C, (g), 1) be a cofibrantly 
generated closed symmetric monoidal model category for which the domains of 
the generating cofibrations are cofibrant, and let G C be a cofibrant object. 
Recall that the category of symmetric sequences in C is symmetric monoidal 
under the monoidal product of Section rB.12l which we will denote by A. We have 
evaluation functors Ev„ : — > C : X !-> X„ and their left adjoints G„ : C ^■ 
: M K> (0,...,0, (E„)+(8)M,0,0,...). The category Sp{C, JsT) of if -spectra in C is 
the category of left modules over the free commutative monoid S := Sym(Giif ) — 
{1,K,K«''^,K^^,...) in on the symmetric sequence GiK = (0, if , 0, 0, ...). The 
evaluation functors Ev„ : Sp(C,if) C : X i-^ X^ have left adjoints i^„ : C — > 
Sp(C,if) : M !->• Sym(Giisr) A GnK. By abuse of notation, we will write M for 
FqM. As modules over the commutative monoid S = Sym(Giif), the category 
Sp(C, K) is symmetric monoidal with unit S and monoidal product X As Y defined 
as the coequalizer of the two multiplication maps X A S AY —i' X AY coming from 
X AS A X X and S AY ^Y. 

In (HovOli Theorem 8.11], Hovey constructs a (projective) stable symmetric 
monoidal model structure on Sp(C, K) for which K is cofibrant and the functor 
Sp(C, K) -> Sp(C, K) : X i-^ K As X is a left Quillen equivalence. The weak 
equivalences for this model category are the stable equivalences which are the 
maps X Y of if -spectra which induce bijections [i^, i?]' — >■ [X, i?]' on mor- 
phism sets in the homotopy category of the level model structure on Sp(C,if) for 
every fi-spectrum E. Here, a if -spectrum X is an f2-spectrum if X„ is fibrant 
in C for all n G N and the adjoint X„ Mapc(if , ^n-i-i) of the structure map 
if (g) Xn — ^ Xn+i is a weak equivalence in C. The functors Fi : C ^ Sp(C,if) 
preserve weak equivalences and cofibrant objects. For M and N ^ C, there are 
natural isomorphisms Fm+n{M N) — >• F^M As FnN (adjoint to the identity map 
M (g) iV = Evm-i-n(i^m-^ FnN)) which are associative and unital. In particular, 
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the functor Fq : C ^ Sp(C, K) is strong symmetric monoidal. liC C : X K®X 
is a left Quillen equivalence, then Fq : C — > Sp(C, K) is a left Quillen equivalence 
[HovOll Theorem 9.1]. 

Example B.15. An example to keep in mind is (Top^, A, 5"°) with the usual model 
structure and K — S"^ . In this case, the model structure in Section FB.QI is the 
projective stable model structure on the category of spectra of topological spaces. 
But the example we are really interested in is (Sp, As, "S**^) equipped with the positive 
projective stable model structure and K = & cofibrant replacement of G Sp 
in that model structure; see below. 

B.IO. True and naive homotopy sets. For two objects X, F of a model category 
M., denote by [X, Y]m the set of maps from X to F in the homotopy category of 
Ai. Let n G Z be an integer. For a X-spectrum X define its n-th naive K -homotopy 
set as 

7r„(X) = colimfc[/^®'=if®",Xfe]c 
where the maps in the colimit are given by tensoring with K and composing with the 
structure map K ® Xk ^ Xi+k of the if-spectrum X. The n-th true K -homotopy 
set of a X-spectrum X is the set 

7r„(X)-[X«",X]sp(c,K). 

Of course, in case C = Top^ and K = , these are precisely the definitions given 
in Section [B. 31 There is a natural map 

(B.5) 7r„(X) ^ 7r„(X) 

defined as follows: 

= [(FiX)^'=if®",f^feEvfe(X)]sp(c^K) 
^ [(FiX)^fcif®",X)]sp(c,/f) 

where Sk ■ F^ Ev^ — > 1 is the counit of adjunction, and A : FiK — > S' is the adjoint of 
the identity map K — Evi(S'). Note that A, and hence A'^", is a stable equivalence 
[HovOli Theorem 8.8]. 

B.ll. Bispectra. Now, we speciahze to the case (C, ®, 1) the category (Sp, As, S) 
of spectra equipped with the positive stable model structure and K — & cofibrant 
replacement of G Sp in that model structure. The resulting category Sp(Sp, S^) 
of symmetric spectra in Sp will be called the category of S^-S^ -bispectra, or simply 
the category of bispectra denoted by BiSp: 

BiSp = Sp(Sp,^i). 

It is equipped with the projective stable model structure of Hovey [HovOll Theorem 
8.11] induced by the positive stable model structure on the category Sp of spectra. 
So, a bispectrum in our sense is a left module over the commutative monoid S = 
(S'°, S^,S^, S^, ...) = Sym(GiS') in the category of symmetric sequences Sp^ in Sp 
where 5" denotes As As ---As [n factors). The symmetric monoidal product 
in BiSp is denoted by A^. 
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Since in Sp smash product with is a Quillen equivalence, the symmetric 
monoidal inclusion Fq : Sp BiSp is a Quillen equivalence, too. In other words 
the category of bispectra is yet another symmetric monoidal model for the stable 
homotopy category. 

Recall the map A : Fi{S^) — ^ 5* which is adjoint to the identity map = Evi(S'). 
For a bispectrum X, write A* : X — > RX = Ma.p-Qigp{Fi{S^), X) for the adjoint of 
the map \ Ag Ix ■ Fi(S^) Ag X S Ag X = X . A level fibrant bispectrum X 
(i.e., a bispectrum X = {Xq, Xi, ...) such that Xn is a positive Jl-spectrum in Sp) 
is called semistable if the map X* : X ^ RX is a 7r*-isomorphism. 

Lemma B.16. Let X be a level fibrant semistable S^-S^ bispectrum. Then the 
natural map (B. 5|) is an isomorphism for all n S Z.' 

Proof. As in |HSSOO) . denote by i?" the n-fold iterate of the functor i?, by R"=X 
the mapping telescope of 

X ^RX^ R^X R^X^ • • • , 

and hy ix '■ X ^ R°° X the map from the initial term into the mapping telescope. 
For a level fibrant semistable S^-S"^ bispectrum, the map ix '■ X ^ R°°X is 
a 7r*-isomorphism, and R°°X is an fJ-spectrum. For every fi-spectrum X, the 
map TT^,{X) 7r*(X) is an isomorphism. Moreover, for any tt* -isomorphism is 
a stable equivalence. These claims are proved precisely as in [HS SOO or |Sch| 
with the exception of the last claim which we will prove below. Therefore, in the 
commutative diagram 

n^X) ^TT^X) 



Tr,{R°°X) 



■TT^{R°°X) 



the two vertical maps and the lower horizontal map are isomorphisms. It follows 
that the top horizontal map is an isomorphism too. 

The proofs that a 7r*-isomorphism is a stable equivalence in |HSSOO( Theorem 
3.1.11] and [Sch} Theorem 4.23] both rely on the injective level model structure 
on the category of symmetric spectra of simplicial sets in which every object is 
cofibrant. A corresponding model structure in the case of bispectra presumably 
exists but we don't really need it. A minor modification of their argument will do. 
For an il-spectrum E, the map is ■ E ^ R°°E is a level equivalence. In particular, 
it is an isomorphism in the homotopy category of the level model structure on 
bispectra. Denote by [X, Y]' the set of maps from X to F in that homotopy 
category. For a map f : X ^ Y oi bispectra and E an il-bispectrum, we have a 
commutative diagram 

[y, E]' — ^ R°°E]' -t— ^ e]' ^^^-L [y, e]' 



[/ai' 



[fl=°/,i]' 



[/,!]' 



[X, EV [R°°X, R°°E]' [R°°X, EV [Y, EV 
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in which the two horizontal compositions are the identity maps. This shows that 
the map of sets [/, 1]' : [Y, E]' [X, £;]' is a retract of the map of sets 1]' : 

[R^Y^E]' — )■ [R°°X,E]'. If / is a tt* -isomorphism of level fibrant bispectra then 
R°°f is a level equivalence. Hence, the map of sets [R°°f, 1]' is a bijection. As a 
retract of a bijection, the map of sets [/, 1]' is also a bijection. By definition, this 
means that / is a stable equivalence. □ 

Remark B.17. Recall that the inclusion Sp C BiSp of spectra into bispectra 
preserves stable equivalences and induces an equivalence of homotopy categories. 
In fact, it is a left Quillen equivalence. In particular, the quasi-inverse BiSp sends 
an X G BiSp to the zero spectrum Zq of a fibrant replacement Z oi X ^ BiSp. 
On the subcategory of level fibrant semistable bispectra, this quasi-inverse can be 
chosen to be {R°°X)q. That is, it is the mapping telescope of the diagram of spectra 

Xo A nxi ^ n^X2 ^* n^'Xs^ ■ ■ ■ 

Example B.18. Let X = {Xq, Xi, ...) be a level fibrant bispectrum. Recall that 
this means that each X„ is a positive Jl-spectrum in Sp. Assume that the map 
of spectra Xn — > ilXi+„ adjoint to the structure maps induces an isomorphism 
T^i{Xn) — >■ T^ii^Xi^n) whenever i > 0. Then X is semistable. This is because 
the map X RX in degree n is precisely the map Xn OXi_|_„, and 7r„(X) 
TTn{RX) is the map on colimits over i of the horizontal sequences 

T^i+niXi) ^ 7ri+i+„(Xi+i) 5~ ■ • • 



By assumption, all the maps in the diagram are isomorphisms when i + n > 0. 
Hence, 7r„(X) — > 7r„(i?X) is an isomorphism for all n G Z. 

B.12. Symmetric sequences [HSSOOj . Recall [HSSOOl 2.1.1] that a symmetric 
sequence in a category C is a functor E ^ C from the category S to C where S has 
objects the finite sets n — {1, 2, n}, = 0, for n G N, and the automorphisms of 
the sets n as its maps. A morphism of symmetric sequences is a natural transfor- 
mation of functors S ^> C. This defines the category of symmetric sequences in 
C. 

If the category C has finite coproducts |J then so does the category of sym- 
metric sequences in C. Coproducts in are computed object-wise. Let (C,CS),1) 
be a symmetric monoidal category which has finite coproducts. In particular, it 
has an initial object = |J0. Assume that the monoidal product commutes with 
finite coproducts, that is, the natural maps (A <S> E) U (B ® E) (AU B) ® E 
and — i> (g) are isomorphisms. Then the category of symmetric sequences is 
equipped with a symmetric monoidal product which is best described by replacing 
S by a slightly larger but equivalent category (HSSOOi Remark 2.1.5]. 

Let P be the category whose objects are the finite subsets of N and whose mor- 
phisms are the isomorphisms of sets. The natural inclusion S C 'P is an equivalence 
of categories with inverse P — S given by identifying a finite subset P of N with 
the set \P\ G E via the unique order-preserving bijection P = \P\ where \P\ denotes 
the cardinality of P. The categories of functors E C and P ^ C are equivalent 
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(via the functor E C T-" and its inverse P — E). The tensor product of two functors 
X,Y : V C is the functor X (giY which for a finite subset P of N is 

{X®Y){P)^ y X{A)^Y{B). 

AUB=P, 

An isomorphism f : P ^ Q oi sets defines the map {X (g) Y){f) which is the 
coproduct of the isomorphisms X{A) (g) Y{B) X{fA) Y{fB) induced by the 
isomorphisms / : A — f{A) and f : B f{B). The tensor product is equipped 
with maps 

ruA^B ■■ X(A) (g) Y{B) -^{X(gi Y){A U B) 

functorial in A, B G V. As in jHSSOO| Lemma 2.1.6], tensor product of symmetric 
sequences makes the category into a symmetric monoidal category with unit the 
symmetric sequence (1,0,0,...). 

The tensor product of symmetric sequences has the following universal property. 
Let Z he a symmetric sequence in C, and let 

fA,B : X{A) ® Y{B) ^ Z{A U B) 

be a family of morphisms in C functorial in A, B G V. Then there is a unique 
morphism / ; X(x)Y — > Z of symmetric sequences in C such that = fAuB°fnA.B 
for aU A,B eV. 

If C and V are symmetric monoidal categories with finite coproducts that com- 
mute with the monoidal products, and if F : C — 2? is a symmetric monoidal functor 
commuting with finite coproducts then the induced functor F : — T)^ : X i— > 
F o X on symmetric sequences has the same property that is, it is also symmetric 
monoidal and commutes with finite coproducts. 

References 

[ACD89] A. Adem, R. L. Cohen, and W. G. Dwyer. Generalized Tate homology, homotopy 
fixed points and the transfer. In Algebraic topology (Evanston, IL, 1988), volume 96 
of Contemp. Math., pages 1-13. Amer. Math. Soc, Providence, RI, 1989. 

[AF12] Aravind Asok and Jean Fasel. A cohomological classification of vector bundles on 
smooth affine threefolds. arXiv: 1204.0770 2012. 

[BalOO] Paul Balmer. Triangular Witt groups. I. The 12-term localization exact sequence. K- 
Theory, 19(4):311-363, 2000. 

[BalOl] Paul Balmer. Witt cohomology, Mayer- Vietoris, homotopy invariance and the Gersten 
conjecture. K-Theory, 23(l):15-30, 2001. 

[BF78] A. K. Bousfield and E. M. Friedlander. Homotopy theory of F-spaces, spectra, 
and bisimplicial sets. In Geometric applications of homotopy theory (Proc. Conf., 
Evanston, III., 1977), II, volume 658 of Lecture Notes in Math., pages 80—130. 
Springer, Berlin, 1978. 

[BK90] A. I. Bondal and M. M. Kapranov. Enhanced triangulated categories. Mat. Sb., 
181(5):669-683, 1990. 

[BK05] A. J. Berrick and M. Karoubi. Hermitian ftT-theory of the integers. Amer. J. Math., 
127(4):785-823, 2005. 

[BKSll] A.J. Berrick, M. Karoubi, M. Schlichting, and P.A. stvr. The homotopy fixed point the- 
orem and the Quillen-Lichtenbaum conjecture in hermitian ftT-theory. arXiv: 101 1. 4977] 
2011. 

[Bro94] Kenneth S. Brown. Cohomology of groups, volume 87 of Graduate Texts in Mathe- 
matics. Springer- Verlag, New York, 1994. Corrected reprint of the 1982 original. 

[BSOl] Paul Balmer and Marco Schlichting. Idempotent completion of triangulated categories. 
J. Algebra, 236(2):819-834, 2001. 



108 



MARCO SCHLICHTING 



[CHSW08] G. Cortiiias, C. Haesemeyer, M. Schlichting, and C. Weibel. Cyclic homology, cdh- 
cohomology and negative K-theovy. Ann. of Math. (2), 167(2):549-573, 2008. 

[CHW08] G. Cortiiias, C. Haesemeyer, and C. Weibel. X-regularity, cdh-fibrant Hochschild ho- 
mology, and a conjecture of Vorst. J. Amer. Math. Soc, 21(2):547-561, 2008. 

[Dri04] Vladimir Drinfeld. DC quotients of DC categories. J. Algebra, 272(2):643-691, 2004. 

[FS02] Eric M. Friedlander and Andrei Suslin. The spectral sequence relating algebraic K- 
theory to motivic cohomology. Ann. Set. Eeole Norm. Sup. (4), 35(6);773-875, 2002. 

[FS09] J. Fasel and V. Srinivas. Chow- Witt groups and Grothcndieck-Witt groups of regular 
schemes. Adv. Math., 221(l):302-329, 2009. 

[FSRll] Jean Fasel, Richard G. Swan, and Ravi A. Rao. On stably free modules over afhne 
algebras. larXiv:1107.10"5TI 2011. 

[Ger72] S. M. Gersten. On the spectrum of algebraic _fC-theory. Bull. Amer. Math. Soe., 
78:216-219, 1972. 

[GH99] Thomas Geisser and Lars Hesselholt. Topological cyclic homology of schemes. In Al- 

gebraie K-theory (Seattle, WA, 1997), volume 67 of Proc. Sympos. Pure Math., pages 

41-87. Amer. Math. Soc, Providence, RI, 1999. 
[Gil07] Stefan Gille. The general devissage theorem for Witt groups of schemes. Arch. Math. 

(Basel), 88(4):333-343, 2007. 
[Gra76] Daniel Grayson. Higher algebraic ii'-theory. II (after Daniel Quillen). In Algebraic 

K-theory (Proc. Conf., Northwestern Univ., Evanston, III., 1976), pages 217-240. 

Lecture Notes in Math., Vol. 551. Springer, Berlin, 1976. 
[GreOl] J. P. C. Greenlees. Tate cohomology in axiomatic stable homotopy theory. In Cohomo- 

logical methods in homotopy theory (Bellaterra, 1998), volume 196 of Progr. Math., 

pages 149-176. Birkhiiuser, Basel, 2001. 
[Hap87] Dieter Happel. On the derived category of a finite-dimensional algebra. Comment. 

Math. Helv., 62(3):339-389, 1987. 
[Har66] Robin Hartshorne. Residues and duality. Lecture notes of a seminar on the work of 

A. Grothendieck, given at Harvard 1963/64. With an appendix by P. Deligne. Lecture 

Notes in Mathematics, No. 20. Springer- Verlag, Berlin, 1966. 
[Hir03] Philip S. Hirschhorn. Model categories and their localizations, volume 99 of Mathe- 
matical Surveys and Monographs. American Mathematical Society, Providence, RI, 

2003. 

[Hor05] Jens Hornbostcl. yl^-rcprcscntability of Hcrmitian i^-thcory and Witt groups. Topol- 
ogy, 44(3):661-687, 2005. 

[Hov99] Mark Hovey. Model categories, volume 63 of Mathematical Surveys and Monographs. 
American Mathematical Society, Providence, RI, 1999. 

[HovOl] Mark Hovey. Spectra and symmetric spectra in general model categories. J. Pure Appl. 
Algebra, 165(1):63-127, 2001. 

[HSSOO] Mark Hovey, Brooke Shipley, and Jeff Smith. Symmetric spectra. J. Amer. Math. Soc, 
13(l):149-208, 2000. 

[Jar97] J. F. Jardine. Generalized etale cohomology theories, volume 146 of Progress in Math- 
ematics. Birkhauser Verlag, Basel, 1997. 

[Kar70] Max Karoubi. Foncteurs derives et iC-theorie. In Seminaire Heidelberg-Saarbriicken- 
Strasbourg sur la Ktheorie (1967/68), Lecture Notes in Mathematics, Vol. 136, pages 
107-186. Springer, Berlin, 1970. 

[Kar73] Max Karoubi. Periodicite de la _fC-theorie hermitienne. In Algebraic K-theory, III: 
Hcrmitian K-theory and geometric applications (Proc. Conf., Battelle Memorial Inst. , 
Seattle, Wash., 1972), pages 301-411. Lecture Notes in Math., Vol. 343. Springer, 
Berlin, 1973. 

[Kar80] Max Karoubi. Le theoreme fondamental de la iC-theorie hermitienne. Ann. of Math. 

(2), 112(2):259-282, 1980. 
[Kar06] Max Karoubi. Stabilization of the Witt group. C. R. Math. Acad. Sci. Paris, 

342(3):165-168, 2006. 

[Kel82] Gregory Maxwell Kelly. Basic concepts of enriched category theory, volume 64 of Lon- 
don Mathematical Society Lecture Note Series. Cambridge University Press, Cam- 
bridge, 1982. 

[Kel90] Bernhard Keller. Chain complexes and stable categories. Manuscripta Math., 
67(4):379-417, 1990. 



HERMITIAN -THEORY AND DERIVED EQUIVALENCES 



109 



[Kel96] Bernhard Keller. Derived categories and their uses. In Handbook of algebra, Vol. 1, 

pages 671-701. North-Holland, Amsterdam, 1996. 
[KML71] G. M. Kelly and S. Mac Lane. Coherence in closed categories. J. Pure Appl. Algebra, 

1(1);97-140, 1971. 

[Knc77] Manfred Knebusch. Symmetric bilinear forms over algebraic varieties. In Conference 
on Quadratic Forms — 1976 (Proc. Conf., Queen's Univ., Kingston, Ont., 1976), 
pages 103—283. Queen's Papers in Pure and Appl. Math., No. 46. Queen's Univ., 
Kingston, Ont., 1977. 

[Kob99] Damjan Kobal. /f-theory, Hermitian ii'-theory and the Karoubi tower. K -Theory, 
17(2):113-140, 1999. 

[May 74] J. P. May. Eoa spaces, group completions, and permutative categories. In New devel- 
opments in topology (Proc. Sympos. Algebraic Topology, Oxford, 1972), pages 61-93. 
London Math. Soc. Lecture Note Ser., No. 11. Cambridge Univ. Press, London, 1974. 

[May75] J. Peter May. Classifying spaces and fibrations. Mem. Amer. Math. Soc, 1(1, 
155):xiii-|-98, 1975. 

[McC69] M. C. McCord. Classifying spaces and infinite symmetric products. Trans. Amer. 

Math. Soc, 146:273-298, 1969. 
[MH73] John Milnor and Dale HusemoUer. Symmetric bilinear forms. Springer- Verlag, New 

York, 1973. Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 73. 
[MMSSOl] M. A. Mandell, J. P. May, S. Schwede, and B. Shipley. Model categories of diagram 

spectra. Proc. London Math. Soc. (3), 82(2):441-512, 2001. 
[Morl2] Fabian Morel. -Algebraeic Topology over a Field, volume 2052 of Lecture Notes in 

Mathematics. Springer- Verlag, Berlin, 2012. 
[MV99] Fabien Morel and Vladimir Voevodsky. A^-homotopy theory of schemes. Inst. Hautes 

Etudes Sci. Publ. Math., (90):45-143 (2001), 1999. 
[PWIO] Ivan Panin and Charles Walter. On the motivic commutative ring spectrum BO. 

arXiv:1011.0650, 2010. 

[Qui73] Daniel Quillen. Higher algebraic ii'-theory. I. In Algebraic K-theory, I: Higher K- 
theories (Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972), pages 85-147. 
Lecture Notes in Math., Vol. 341. Springer, Berlin, 1973. 
[Sch] Stefan Schwede. Symmetric Spectra. |http://www.math.uni-bonn.de/people/schwede/SymSpec-v3.pdf[ 

[Sch04] Marco Schlichting. Hermitian X-theory on a theorem of Giffen. K-Theory, 32(3):253— 
267, 2004. 

[Sch06] Marco Schlichting. Negative ii'-theory of derived categories. Math. Z., 253(1):97-134, 
2006. 

[SchlOa] Marco Schlichting. Hermitian i^T-theory of exact categories. J. K-Theory, 5(1):105-165, 
2010. 

[SchlOb] Marco Schlichting. The Mayer- Vietoris principle for Grothendieck-Witt groups of 

schemes. Invent. Math., 179(2):349-433, 2010. 
[Schll] Marco Schlichting. Higher algebraic /C-theory. In Topics in algebraic and topological 

K-theory, volume 2008 of Lecture Notes in Math., pages 167-241. Springer, Berlin, 

2011. 

[Seg74] Graeme Segal. Categories and cohomology theories. Topology, 13:293-312, 1974. 
[Swa62] Richard G. Swan. Vector bundles and projective modules. Trans. Amer. Math. Soc, 
105:264-277, 1962. 

[Swa77] Richard G. Swan. Topological examples of projective modules. Trans. Amer. Math. 
Soc, 230:201-234, 1977. 

[Tho93a] R. W. Thomason. Les ii'-groupes d'un fibre projectif. In Algebraic K-theory and al- 
gebraic topology (Lake Louise, AB, 1991), volume 407 of NATO Adv. Sci. Inst. Ser. 
C Math. Phys. Sci., pages 243-248. Kluwer Acad. Publ., Dordrecht, 1993. 

[Tho93b] R. W. Thomason. Les X-groupes d'un schema eclate et une formule d'intersection 
excedentaire. Invent. Math., 112(1):195-215, 1993. 

[Tho97] R. W. Thomason. The classification of triangulated subcategories. Compositio Math., 
105(l):l-27, 1997. 

[TT90] R. W. Thomason and Thomas Trobaugh. Higher algebraic ii'-theory of schemes and 
of derived categories. In The Grothendieck Festschrift, Vol. Ill, volume 88 of Progr. 
Math., pages 247-435. Birkhauser Boston, Boston, MA, 1990. 



110 



MARCO SCHLICHTING 



[Wag72] J. B. Wagoner. Dclooping classifying spaces in algebraic X-tlieory. Topology, 11:349— 
370, 1972. 

[WaI78] Friedhclm Waldliausen. Algebraic K-tlicory of generalized free products. I, II. Ann, 

of Math. (2), 108(l):135-204, 1978. 
[WaI85] Friedhelm Waldhausen. Algebraic A'-theory of spaces. In Algebraic and geometric 

topology (New Brunswick, N.J., 1983), volume 1126 of Lecture Notes in Math., pages 

318-419. Springer, Berlin, 1985. 
[WalOSa] Charles Walter. Grothendieck-Witt groups of projective bundles. K-theory preprint 

archive, 2003. 

[Wal03b] Charles Walter. Grothendieck-Witt groups of triangulated categories. JC-theory 
preprint archive, 2003. 

[WciSl] Charles A. Weibel. A'-theory of Azumaya algebras. Proc. Amer. Math. Soc, 81(1):1— 7, 
1981. 

[WW89] Michael Weiss and Bruce Williams. Automorphisms of manifolds and algebraic K- 

theory. II. J. Pure Appl. Algebra, 62(1):47-107, 1989. 
[WWOO] Michael S. Weiss and Bruce Williams. Products and duality in Waldhausen categories. 

Trans. Amer. Math. Soc, 352(2):689-709, 2000. 
[Zibll] Marcus Zibrowius. Witt groups of complex cellular varieties. Doc. Math., 16:465-511, 

2011. 



Marco Sciiliciiting, M;\tiiem,'\tics Institute, Zeeman Building, University of Warwick, 
Coventry CVl 7AL, i:K 

E-mail address: m.schlichting@warwick.ac.uk 



